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Abstract
We study asymptotic safety of models of the higher derivative quantum gravity with and without
matter. The beta functions are derived by utilizing the functional renormalization group, and
non-trivial fixed points are found. It turns out that all couplings in gravity sector, namely the
cosmological constant, the Newton constant, and the R2 and R2µν coupling constants, are relevant
in case of higher derivative pure gravity. For the Higgs-Yukawa model non-minimal coupled with
higher derivative gravity, we find a stable fixed point at which the scalar-quartic and the Yukawa
coupling constants become relevant. The relevant Yukawa coupling is crucial to realize the finite
value of the Yukawa coupling constants in the standard model.
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I. INTRODUCTION
One of the important problems in elementary particle physics is the construction of quan-
tum gravity.1 In perturbation theory at one-loop level the quantized Einstein-Hilbert action
can be renormalizable only without cosmological constant [2]. However, the perturbation
theory for the systems coupled to matter does not work at one-loop level [2–6]. At two-loop
level the pure gravity system becomes perturbatively non-renormalizable [7, 8]. Although
the inclusion of the higher derivative terms such as R2 and RµνR
µν helps the theory to be
perturbatively renormalizable [9], the ghost problem arises, that is, the norm of some states
becomes negative [10].2 These facts may indicate that approaches beyond perturbation
theory are needed.
Asymptotic safety is a general feature of ultraviolet (UV) completeness in quantum field
theory. The first evidence that quantum gravity may be asymptotically safe was reported
in [13]. It is crucial for the scenario of asymptotic safety that a theory has a non-trivial
UV fixed point at which the beta functions of the theory vanish. If there exists a UV
fixed point, the continuum limit k → ∞ can be taken (UV complete). Further, if the
number of relevant couplings is finite, the theory can be renormalizable, that is, the low
energy physics is predicted. Since perturbation theory is valid only around the vicinity of
the trivial (Gaussian) fixed point, generally a non-perturbative methods are required to see
asymptotic safety.3
Although the  expansion method in 2 +  dimension has been applied in order to find
the non-trivial fixed point [13, 17], this method fails for  > 1. A powerful method to
investigate an asymptotically safe theory is the functional renormalization group (FRG)
which originated from Kadanoff’s and Wilson’s renormalization group [18, 19].4 Since the
FRG method does not depend on any asymptotic expansion by in the spacetime dimension
and coupling constant, we can analyze strongly coupled systems in arbitrary dimension.
In particular, the approximation in the FRG is systematically improved by including the
higher order operators. This feature is adequate for studying the stability of the fixed point
structure of the system.
1 The necessity of the quantum gravity is indirectly supported by an experiment [1].
2 See also [11, 12].
3 See e.g., [14–16] for details.
4 There are review papers [20–26] on the FRG.
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Analyses using FRG with the background field method have been performed for various
truncations of the quantum gravitational systems: for Einstein-Hilbert truncation [27–44];
for gravity with matters and gauge fields [45–70]; for higher derivative gravity with f(R)-
type truncation [71–84]; RµνR
µν [85–92]; and the Goroff–Sagnotti term [93]; see also [94–
100] for review papers.5 Also studies based on the vertex expansion have been performed
in [125–132]. Further, a scenario was suggested in [133, 134] which provides a prediction of
a Higgs mass with 129 GeV [135, 136]. The asymptotically safe gravity scenario could have
the possibility to solve problems in elementary particle physics such as the gauge hierarchy
problem [137] and the U(1) triviality problem [70]. These studies have encouraged the
scenario of asymptotically safe gravity as a strong candidate for quantum gravity.
In this paper, we study higher derivative gravity coupled without and with matter fields
using the FRG.6 In refs. [86–88], higher derivative gravity has been studied. We reanalyze
higher derivative gravity with different ghost and gauge fixing actions from [86–88] and
investigate the gauge dependence of the fixed points and the critical exponents. In the
higher derivative gravity coupled to matter fields, the Higgs-Yukawa model is employed for
the matter sector as the minimal toy model of the standard model. Ref. [64] studied the
Higgs-Yukawa model coupled to gravity without the higher derivative terms. It has been
shown that this model can become asymptotically safe, and especially fermionic fluctuations
make the scalar mass and the non-minimal coupling between the scalar field and the Ricci
scalar φ2R irrelevant around the UV fixed point.7
Besides the asymptotic safety scenario, the Higgs-Yukawa model non-minimally coupled
to gravity has been studied as a toy model of Higgs inflation.8 Recent result from the Planck
satellite [143] put strong constraints on inflationary parameters, that is, the tensor to scalar
5 The background, gauge and cutoff scheme dependences have been investigated in [101–105]; see also [106]
The ghost interactions have been discussed in [107–109]. Asymptotically safe gravity in viewpoint of the
fractal space-time structure has been studied in [110–113]. Analyses with lattice simulation have been
performed in [114–124].
6 See related studies [138–141].
7 Ref. [64] studied the truncated effective action spanned by six couplings, namely, the Newton coupling,
the cosmological constant, the scalar mass-squared, the quartic scalar coupling and the Yukawa coupling.
Among them, the Newton constant and the cosmological constant becomes relevant. The others are
irrelevant. The fact that the quartic scalar coupling and the Yukawa coupling within asymptotically safe
gravity with matter become irrelevant was reported in [46] and [50], respectively.
8 See also [142]
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ratio and the spectral index of scalar perturbation. Among a lot of inflation models, the
predictions of Higgs inflation [144–149] and the Starobinsky [150] model are close to the
best fit values. In addition to the support from observation, these models are attractive
because they do not introduce extra degrees of freedom except for standard model particles
and gravity. Usually, these models require large coupling in the gravity sector [146], whose
validity should be discussed in the context of a UV completed theory such as asymptotic
safety.9
This paper is structured as follows: The effective action and the set-up to derive the beta
function is given in section II. The RG equations for the effective action and their numerical
analysis are shown in Sect. III and IV, respectively. Section V is devoted to summary and
discussion. In the appendix A, we explain the basic concepts of the FRG and the fixed
point structure. We list several formulas of variations to compute beta functions in the
appendix B. In the appendix C, the formula of the heat kernel expansion, which is used
to evaluate the functional trace, is shown. We show derivations of beta functions in the
appendix D. The fixed point values and the critical exponents obtained in this analysis are
listed in the appendix E.
II. EFFECTIVE ACTION
In [64], the Higgs-Yukawa model with Ricci scalar R and non-minimal coupling between
the scalar field and the Ricci scalar has been analyzed. It has been shown that the fermionic
fluctuation turns the mass of the scalar field and the non-minimal coupling irrelevant in
that truncation. Note that a comparison of [61] with [129] highlights major differences
between the effect of fermion fluctuations in a single-metric and a bimetric treatment. The
results in [64] are obtained within a single-metric approximation and could therefore change
significantly if the difference between the background metric and the full metric is resolved.
In refs. [77, 87] pure higher derivative gravity has been studied and it has been shown that
the R2 term becomes relevant.
In this paper, we investigate the effects of the higher derivative gravity on the Higgs-
Yukawa system. Here, we briefly summarize the structure of this section. In the next
9 Models for inflation with the feature of asymptotic safety have been discussed in [151–164].
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subsection, we introduce the effective actions for the the Higgs-Yukawa model non-minimally
coupled to higher derivative gravity. We employ the ghost and gauge fixing actions with a
higher derivative operator [165] in order to simplify the kinetic terms of graviton; see Eq. (6).
In the subsection II B, the York decomposition [166] is briefly explained. We list explicit
forms of the two-point functions using the Lichnerowicz Laplacians in the subsection II C.
Note that since the ghost and gauge fixing actions with a higher derivative operator are used,
the structures of the two-point function for graviton differs from ones given in e.g. [48, 64]
but instead are same as [165]. The two-point functions for fermion are same as [50, 64].
A. Model
The effective action of higher derivative gravity with matter interactions in four dimen-
sional Euclidean spacetime dimension is given by
Γk =
∫
d4x
√
g
{
V
(
Φ2
)− F(Φ2)R + aR2 + bRµνRµν + 1
2
gµν ∂µΦ ∂νΦ
+
Nf∑
i=1
Ψ¯i /DΨi + y
Nf∑
i=1
ΦΨ¯iΨi
}
+ Sgf + Sgh, (1)
where Φ and Ψ are the scalar and fermion fields, respectively, Sgf and Sgh are the gauge
fixing and ghost terms, respectively, the covariant derivative /D in the kinetic term of the
fermions is /DΨ = /∂Ψ+γµΓˆµΨ where Γˆµ is the spin connection. In this paper, we employ the
local potential approximation, that is, the corrections to the field renormalization factors in
the kinetic terms are neglected, which means η = 0 in (A14). We assume that the effective
action is invariant under the Z2 transformation (Φ → −Φ, Ψ → γ5Ψ and Ψ¯ → −Ψ¯γ5)
and CP transformation which prohibits ΦΨ¯iγ5Ψ. Moreover, we assume the SU(Nf ) flavor
symmetry.
(1) can be rewritten as
Γk =
∫
d4x
√
g
{
V
(
Φ2
)− F(Φ2)R + (a+ 1
4
b
)
R2 +
b
4
RµνρσR
µνρσ − b
4
E
+
1
2
gµν ∂µΦ ∂νΦ +
Nf∑
i=1
Ψ¯i /DΨi + y
Nf∑
i=1
ΦΨ¯iΨi
}
+ Sgf + Sgh, (2)
where E = R2 − 4RµνRµν + RµνρσRµνρσ is the integrand of the Gauss–Bonnet term which
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is topological in four dimensional spacetime, and then it does not contribute to the beta
function.
To calculate the beta function, we use the background method and then split the fields
as
gµν = g¯µν + hµν , Φ = φ+ ϕ, Ψ = ψ + χ, (3)
where the matter background are constant. We assume the Einstein metric as our back-
ground, i.e.,
R¯µν =
R¯
4
g¯µν . (4)
The potentials V (φ) and F (φ) are expanded into the polynomial of φ2:
V (φ) =
∞∑
n=0
λ2nφ
2n, F (φ) =
∞∑
n=0
ξ2nφ
2n. (5)
The coupling constants λ0 = Λc.c, λ2 = m
2/2, λ4 = λ/4, ξ0 = M
2
pl/2 and ξ2 = ξ are the
cosmological constant, the scalar mass-square, scalar quartic coupling constant, the Planck
mass (inverse Newton constant) and non-minimal coupling constant, respectively. Pure
gravity can be obtained by taking λ2 → ∞, Nf = 0, y → 0, ξ2n → 0 and λ2(n+1) → 0 for
n ≥ 1.
Using the Kugo–Ojima formulation [167], the gauge-fixing and the ghost actions for the
diffeomorphisms are given as [165]
Sgf + Sgh =
∫
d4x
√
g¯ δB
[
C¯µY
µν
(
Σν − α
2
Bν
)]
=
∫
d4x
√
g¯
[
− α
2
BˆµY
µνBˆν +
1
2α
ΣµY
µνΣν − C¯µY µρ∆¯ghostρν Cν
]
, (6)
respectively, where ¯ := g¯µν∇¯µ∇¯ν and ∆¯ghostµν := g¯µν¯ + 1−β2 ∇¯µ∇¯ν + R¯µν ; δB is the
Grassmann-odd BRST transformation; Bµ is the bosonic auxiliary field (Nakanishi-Lautrup
field); Cµ and C¯µ are the ghost and anti-ghost fields for the diffeomorphisms, respectively;
Y µν := g¯µν¯+ ρ1∇¯µ∇¯ν − ρ2∇¯ν∇¯µ; Σµ := ∇¯νhνµ − β + 1
4
∇¯µh (7)
with h := g¯µνhµν ; Bˆµ = Bµ + Σµ/α; and α, β, ρ1 and ρ2 are gauge parameters. Note here
that whereas Bµ is not the dynamical field in the Einstein gravity case where Y
µν = g¯µν
and then it is integrated out. We use a dynamical Bµ in case of the higher derivative
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gravity and call it B ghost. We note also that in previous works on higher derivative
gravity the Nielsen–Kallosh (NK) ghost being a Grassmann-odd and corresponding to the
contribution (detY µν)1/2 has been introduced within the path-integral formalism and the
Faddeev-Popov (FP) ghost has been given as C¯µ∆¯ghostµν C
ν . Then the total contributions
from the ghost fields are given by (detY µν)1/2 · (det ∆¯ghostµν ). However, it is unclear why the
differential operators for the NK and the FP ghosts differ from each other. In contrast, the
contributions from the ghost fields given in (6) become (detY µν)−1/2 ·(detY µν)(det ∆¯ghostµν ) =
(detY µν)1/2 · (det ∆¯ghostµν ) which agrees with the case of the path-integral formalism.
B. York decomposition
The graviton fluctuation hµν is decomposed as [166]
hµν = h
⊥
µν + ∇¯µξ˜ν + ∇¯ν ξ˜µ +
(
∇¯µ∇¯ν − 1
4
g¯µν¯
)
σ˜ +
1
4
g¯µνh, (8)
where h⊥µν is transverse and traceless tensor field with spin 2, thus satisfies ∇¯µh⊥µν = 0 and
g¯µνh⊥µν = 0; ξ˜µ satisfying ∇¯µξ˜µ = 0 is the transverse vector field with spin 1; and σ˜ and
h := g¯µνhµν are the scalar fields with spin 0.
The ghost fields are also decomposed into the transverse and scalar components:
Bˆµ = B
⊥
µ + ∇¯µB˜, Cµ = C⊥µ + ∇¯µC˜, C¯µ = C¯⊥µ + ∇¯µ ˜¯C, (9)
where B˜, C˜ and ˜¯C are spin-0 scalar fields, and B⊥µ , C
⊥
µ and C¯
⊥
µ are spin-1 transverse vector
fields that satisfy ∇¯µB⊥µ = ∇¯µC⊥µ = ∇¯µC¯⊥µ = 0.
Due to the decompositions (8) and (9), the following contributions come out in the path
integral (see e.g. [73]):10
J :=
∫
DΩ exp
[
− 2ξ˜µ
(
−¯− R¯
4
)
ξ˜µ − 3
4
σ˜
(−¯)(−¯− R¯
3
)
σ˜ − B˜ (−¯) B˜ − ˜¯C (−¯) C˜],
(10)
where
∫ DΩ := ∫ Dξ˜Dσ˜DB˜D ˜¯C DC˜. To remove them, we redefine the fluctuations ξ˜, σ˜, B˜,
˜¯C and C˜ as
ξµ =
√
−¯− R¯
4
ξ˜µ, σ =
√
−¯− R¯
3
√
−¯ σ˜, B =
√
−¯ B˜, C =
√
−¯ C˜, C¯ = ˜¯C
√
−¯.
(11)
10 Here the Einstein metric is imposed. In more general metric, there are mixing terms such as ξ˜µR¯
µν∇¯ν σ˜.
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The Jacobian from this field redefinition exactly cancels Eq. (10) (see e.g. [28]), and then
the term (10) does not contribute to the beta functions. Hereafter we consider the two-point
functions in field bases without the tilde.
C. Two-point functions
For the background fields Ξ :=
(
g¯µν , φ, ψ, ψ¯
)
and the fluctuations Υ :=(
hµν , ϕ, χ, χ¯, Cµ, C¯µ, Bµ
)
, the effective action is written as Γk[Ξ; Υ] and is expanded as
Γk[Ξ; Υ] = Γk[Ξ] + Γ
(1)
k [Ξ; Υ] + Γ
(2)
k [Ξ; Υ] +O
(
Υ3
)
, (12)
where Γ
(n)
k [Ξ; Υ] contains the terms of order Υ
n.
To derive the beta functions for the Higgs-Yukawa model, we need to evaluate the Γ
(2)
k
terms
Γ
(2)
k [Ξ; Υ] =
1
2
δ2Γk[Ξ]
δΥiδΥj
ΥiΥj, (13)
where Sgf and Sgh are given in Eqs. (6) The explicit calculation of (13) is given in appendix B.
The second variation of the effective action, i.e., the Hessian, becomes
Γ
(2)
k [Ξ; Υ] =
1
2
∫
d4x
√
g¯
[
h⊥µνΓ
(⊥⊥)
k h
µν⊥ + ξµΓ
(ξξ)
k ξ
µ + STΓ
(SS)
k S +B
⊥
µ Γ
(B⊥B⊥)
k B
⊥µ +BΓ(BB)k B
+ ξµΓ
(ξχ)
k χ+ χ¯Γ
(χ¯ξ)
k ξµ + S
TΓ
(Sχ)
k χ+ χ¯Γ
(χ¯S)
k S + χ¯Γ
(χ¯χ)
k χ+ C¯
⊥
µ Γ
(C¯⊥C⊥)
k C
⊥µ + C¯Γ(C¯C)k C
]
,
(14)
where S := (σ, h, ϕ)T denotes the scalar fields with spin 0 and the York decomposition (8)
was employed. We show the explicit forms of the Hessian below. For bosonic fields, we have
ΓBB =

Γ
(⊥⊥)
k 0 0 0 0
0 Γ
(ξξ)
k 0 0 0
0 0 Γ
(SS)
k 0 0
0 0 0 Γ
(B⊥B⊥)
k 0
0 0 0 0 Γ
(BB)
k

, (15)
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where each component is given by
Γ
(⊥⊥)
k =
F
2
∆¯L2 − aR¯
(
∆¯L2 − R¯
2
)
+
b
2
(
∆¯2L2 −
3R¯
2
∆¯L2 +
R¯2
2
)
− V + Y
2
, (16)
Γ
(ξξ)
k =
F
2
R¯− (V + Y )− 1
α
(
∆¯L1 − R¯
2
)(
∆¯L1 − 1− ρ2
4
R¯
)
, (17)
Γ
(SS)
k =

Γ
(σσ)
k Γ
(σh)
k Γ
(σϕ)
k
Γ
(hσ)
k Γ
(hh)
k Γ
(hϕ)
k
Γ
(ϕσ)
k Γ
(ϕh)
k Γ
(ϕϕ)
k
 , (18)
Γ
(B⊥B⊥)
k = α
(
∆¯L1 − 1− ρ2
4
R¯
)
, (19)
Γ
(BB)
k = α
(
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
)
, (20)
with
Γ
(σσ)
k = −
3F
16
(
∆¯L0 − R¯
)
+
9a
8
∆¯2L0 +
3b
8
∆¯2L0 −
3 (V + Y )
8
− 9
16α
(
∆¯L0 − R¯
3
)[
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
]
, (21)
Γ
(σh)
k = Γ
(hσ)
k =
(
−3F
16
+
9a
8
∆¯L0 +
3b
8
∆¯L0
)√
∆¯L0
√
∆¯L0 − R¯
3
− 3β
16α
[
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
]√
∆¯L0
√
∆¯L0 − R¯
3
, (22)
Γ
(σϕ)
k = Γ
(ϕσ)
k = −
3φF ′
2
√
∆¯L0 − R¯
3
√
∆¯L0, (23)
Γ
(hh)
k = −
3F
16
∆¯L0 +
9a
8
(
∆¯L0 − R¯
3
)
∆¯L0 +
3b
8
(
∆¯L0 − R¯
3
)
∆¯L0 +
V + Y
8
− β
2
16α
∆¯L0
[
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
]
, (24)
Γ
(hϕ)
k = Γ
(ϕh)
k = −
3φF ′
2
(
∆¯L0 +
R¯
3
)
+ φV ′ +
yψ¯ψ
2
, (25)
Γ
(ϕϕ)
k = ∆¯L0 + (2V
′ + 4φ2V ′′)− R¯(2F ′ + 4φ2F ′′). (26)
Here the prime ′ denotes the derivative with respect to ϕ2, i.e.
V ′ =
∂V
∂ϕ2
, V ′′ =
∂2V
∂(ϕ2)2
, F ′ =
∂F
∂ϕ2
, F ′′ =
∂2F
∂(ϕ2)2
, (27)
9
and we have defined the Lichnerowicz Laplacians (see e.g. [168]) with the Einstein metric
∆¯L0S := −¯S, (28)
∆¯L 1
2
ψ := −D¯2ψ + R¯
4
ψ, (29)
∆¯L1ξµ := −¯ξµ + R¯
4
ξµ (30)
∆¯L2hµν := −¯hµν + R¯
2
hµν − 2R¯ α βµ ν hαβ. (31)
More general forms of these Laplacians are represented in (B29)–(B32).
For the fermionic fields, the Hessian becomes
ΓFF =

Γ
(χ¯χ)
k 0 0
0 ΓC¯
⊥C⊥
k 0
0 0 ΓC¯Ck
 , (32)
with
Γ
(χ¯χ)
k =
 0 −(←−/¯DT + yφ)
/¯D + yφ 0
 , (33)
ΓC¯
⊥C⊥
k =
 0 (∆¯L1 − R¯2 ) (∆¯L1 − 1−ρ24 R¯)
−
(
∆¯L1 − R¯2
) (
∆¯L1 − 1−ρ24 R¯
)
0
 , (34)
ΓC¯Ck =
 0 3−β2 (∆¯L0− R¯3−β )[(1+ρ1−ρ2)∆¯L0− 1−ρ24 R¯]
− 3−β
2 (∆¯L0− R¯3−β )[(1+ρ1−ρ2)∆¯L0−
1−ρ2
4
R¯] 0
 , (35)
where T on the derivative operator is the transposition acting on the spinor space and the
over-left-arrow denotes that the derivative acts on the operator from the right-hand side.
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The parts with both bosonic and fermionic fields are given by
ΓBF =

−→
δ
δh⊥µν
Γk
←−
δ
δχ
−→
δ
δh⊥µν
Γk
←−
δ
δχ¯T
−→
δ
δξµ
Γk
←−
δ
δχ
−→
δ
δξµ
Γk
←−
δ
δχ¯T−→
δ
δσ
Γk
←−
δ
δχ
−→
δ
δσ
Γk
←−
δ
δχ¯T−→
δ
δh
Γk
←−
δ
δχ
−→
δ
δh
Γk
←−
δ
δχ¯T−→
δ
δϕ
Γk
←−
δ
δχ
−→
δ
δϕ
Γk
←−
δ
δχ¯T

=

0 0
−1
4
√
−←−¯D 2 (ψ¯γµ) −1
4
√
−←−¯D 2 (γµψ)T
− 3
16
(←−¯
Dµ
) (
ψ¯γµ
) − 3
16
(←−¯
Dµ
)
(γµψ)T
y
2
φψ¯ − 3
16
(←−¯
Dµ
) (
ψ¯γµ
) −y
2
φψT − 3
16
(←−¯
Dµ
)
(γµψ)T
yψ¯ −yψT

,
(36)
ΓFB =
 −→δδχT Γk ←−δδh⊥µν −→δδχT Γk ←−δδξµ −→δδχT Γk←−δδσ −→δδχT Γk←−δδh −→δδχT Γk←−δδϕ−→
δ
δχ¯
Γk
←−
δ
δh⊥µν
−→
δ
δχ¯
Γk
←−
δ
δξµ
−→
δ
δχ¯
Γk
←−
δ
δσ
−→
δ
δχ¯
Γk
←−
δ
δh
−→
δ
δχ¯
Γk
←−
δ
δϕ

=
0 14 (ψ¯γµ)T√−D¯2 316 (ψ¯γµ)T D¯µ −y2φψ¯T + 316 (ψ¯γµ)T D¯µ −yψ¯T
0 1
4
(γµψ)
√
−D¯2 3
16
(γµψ) D¯µ
y
2
φψ + 3
16
(γµψ) D¯µ yψ
 . (37)
Note that we have neglected the terms which do not contribute to the truncated effective
action (1).
We next give the cutoff function Rk. The cutoff functions are employed so that the
Lichnerowicz Laplacians in the Hessian are replaced as ∆¯Ln → Pn
(
∆¯Ln
)
= ∆¯Ln +Rk
(
∆¯Ln
)
,
namely
RBB =

R(h⊥h⊥)k 0 0 0 0
0 R(ξξ)k 0 0 0
0 0 R(SS)k 0 0
0 0 0 R(B⊥B⊥)k 0
0 0 0 0 R(BB)k

, RFF =
R(χ¯χ)k 0
0 Rghostk
 , (38)
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where
R(h⊥h⊥)k = Γ(h
⊥h⊥)
k [Pk
(
∆¯L2
)
]− Γ(h⊥h⊥)k [∆¯L2], (39)
R(ξξ)k = Γ(ξξ)k [Pk
(
∆¯L1
)
]− Γ(ξξ)k [∆¯L1], (40)
R(SS)k =

R(σσ)k R(σh)k R(σϕ)k
R(hσ)k R(hh)k R(hϕ)k
R(ϕσ)k R(ϕh)k R(ϕϕ)k
 = Γ(SS)k [Pk(∆¯L0)]− Γ(SS)k [∆¯L0], (41)
RB⊥B⊥k = Γ(B
⊥B⊥)
k [Pk
(
∆¯L1
)
]− Γ(B⊥B⊥)k [∆¯L1], (42)
RB¯Bk = Γ(B¯B)k [Pk
(
∆¯L0
)
]− Γ(B¯B)k [∆¯L0], (43)
R(χ¯χ)k =

0 −←−/¯DT
√1 + Rk
(
∆¯
L 12
)
∆¯
L 12
− 1
√1 + Rk
(
∆¯
L 12
)
∆¯
L 12
− 1
 /¯D 0
 , (44)
Rghostk =

0 −RC¯⊥C⊥k
(
∆¯L1
)T
0 0
RC¯⊥C⊥k
(
∆¯L1
)
0 0 0
0 0 0 −RC¯Ck
(
∆¯L0
)T
0 0 RC¯Ck
(
∆¯L0
)
0
 , (45)
with
RC¯⊥C⊥k
(
∆¯L1
)
= Γ
(C¯⊥C⊥)
k [Pk
(
∆¯L1
)
]− Γ(C¯⊥C⊥)k [∆¯L1], (46)
RC¯Ck
(
∆¯L0
)
= Γ
(C¯C)
k [Pk
(
∆¯L0
)
]− Γ(C¯C)k [∆¯L0]. (47)
In this paper, we use the optimized cutoff function [169] for Rk(p
2), namely,
Rk
(
p2
)
=
(
k2 − p2) θ(k2 − p2) , (48)
where θ(x) is the step function. For p2 < k2, Pn
(
∆¯Ln
)
= k2. We note here that for the
fermionic field R(χ¯χ)k the Type-II cutoff function should be employed in order to obtain the
correct sign of the femionic fluctuation in R term [58]. In Fig. 1, we show the Feynman
diagrams of the propagators.
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⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |h⊥h⊥ =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |ξξ =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |SS =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |C¯⊥C⊥ =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |C¯C =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |χχ =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |B⊥B⊥ =
⎛⎜⎝Γ(1,1)k +Rk
⎞⎟⎠−1 |BB =
FIG. 1: The Feynman diagrams of propagators.
III. FLOW EQUATIONS
Using the Hessian matrices shown in the last section we can derive the beta functions.
The Wetterich equation now is reduced as
∂tΓk =
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
h⊥h⊥
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
ξξ
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
SS
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
B⊥B⊥
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
BB
− Tr ∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
χ¯χ
− Tr ∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
C¯⊥C
− Tr ∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
C¯C
, (49)
where we defined the dimensionless scale t := ln(k/Λ) and the derivative
∂t := k
∂
∂k
. (50)
The functional traces are evaluated by using the heat kernel techniques shown in appendix C.
The explicit calculations are presented in appendix D.
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In this work, the non-minimal potential F (φ2) and the scalar potential V (φ2) are ex-
panded around the symmetric phase 〈φ〉 = 0 and truncated as
k2F˜
(
φ2
)
= F
(
φ2
)
= ξ0 + ξ2φ
2 = k2(ξ˜0 + ξ˜2φ˜
2), (51)
k4V˜
(
φ2
)
= V
(
φ2
)
= λ0 + λ2φ
2 + λ4φ
4 = k4(λ˜0 + λ˜2φ˜
2 + λ˜4φ˜
4), (52)
where dimensionless variables are introduced as φ˜ = φ/k, ξ˜2n = ξ2n/k
2−2n and λ˜2n =
λ2n/k
4−2n. The other coupling constants a, b and y are dimensionless, thus they are written
as a˜ = a, b˜ = b and y˜ = y. We consider the theory space spanned by maximally eight
coupling constants g = {λ˜0, ξ˜0, a˜, b˜, ξ˜2, λ˜2, λ˜4, y˜}.
A. Comparison with previous works
Here we compare our calculation to the previous work. First, the pure four derivative
gravity case (λ2 →∞, λ2n → 0 for n ≥ 2 and F (φ2)→ 0) is considered. The standard form
of the action for higher derivative gravity is given by
Γ = kd−4
∫
ddx
[
1
κ2
(R− 2Λcc) + 1
ξ
R2 +
1
2λ
C2 − 1
ρ
E
]
+ Sgh + Sgf, (53)
where the generic background metric is imposed. The perturbative one-loop contributions
to the beta functions for d→ 4 are obtained as [170]
k
d
dk
Γ =
kd−4
(4pi)2
∫
ddx
√
g
[
133
20
C2 − 196
45
E +
(
10λ2
ξ2
− 5λ
ξ
+
5
36
)
R2
+
(
ξ
12λ
− 13
6
− 10λ
ξ
)
λ
κ2
R +
(
56
3
− 2ξ
9λ
)
λΛcc
κ2
+
(
ξ2
72
+
5λ2
2
)
1
κ4
]
. (54)
The Gauss–Bonnet term and the squared Weyl tensor are
E = RµνρσR
µνρσ − 4RµνRµν +R2, (55)
C2 = RµνρσR
µνρσ − 4
d− 2RµνR
µν +
2
(d− 1)(d− 2)R
2, (56)
and then one can recast (53) as
Γ = µd−4
∫
ddx
[
λ0 − ξ0R + aR2 + bRµνRµν + zRµνρσRµνρσ
]
+ Sgh + Sgf, (57)
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where
λ0 = −2Λcc
κ2
, ξ0 = − 1
κ2
,
a = −1
ρ
+
1
ξ
+
1
λ(d− 1)(d− 2) , b = −
2
(d− 2)λ +
4
ρ
, z =
1
2λ
− 1
ρ
. (58)
The beta functions for the higher derivative terms in d = 4 become
βa =
1
(4pi)2
(
1
3
133
20
− 196
45
− 5(8z
2 + 12bz + y2 + 32az − 4ab− 24a2)
12(b+ 4z)2
)
=
1
(4pi)2
90a2 − 23b2 − 338z2 + 15ab− 120az − 199bz
9(b+ 4z)2
,
βb =
1
(4pi)2
(
−2133
20
− 4
(
−196
45
))
=
1
(4pi)2
371
90
,
βz =
1
(4pi)2
(
133
20
− 196
45
)
=
1
(4pi)2
413
180
. (59)
It is known that they are universal, i.e. do not depend on the gauge parametrization and
cutoff scheme. Moreover,
βλ0 =
1
4pi2
, βξ0 = −
15a− 14b
48pi2b2
, (60)
are also universal [165].
When the Einstein metric is imposed, one obtains the combination
β
∣∣
R2 term
= βa +
1
4
βb
∣∣∣
z→0
=
1200a2 + 200ab− 183b2
1920pi2b2
. (61)
Our beta functions deriven in this work agree with (59)–(61). Note that when using the
results from the perturbation theory (54), we define
θ =
λ
ρ
, ω = −3λ
ξ
, (62)
we have
(4pi)2k
dθ
dk
= −133
10
θλ+
196
45
λ,
(4pi)2k
dλ
dk
= −133
10
λ2,
(4pi)2k
dω
dk
= −133
10
ωλ−
(
10
3
ω2 + 5ω +
5
12
)
λ. (63)
These beta functions have a UV stable fixed point [170]:
λ∗ = 0, θ∗ = 0.32749, ω∗ = −0.02286. (64)
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Thanks to the contributions from the quadratic and quartic divergences taken into account
by the FRG computations, the values of fixed point for the Newton and cosmological con-
stants become finite [86, 92]. As a result, the theory is asymptotically safe at the non-trivial
UV fixed point rather than asymptotically free [86].
We next consider the Einstein–Hilbert limit, i.e., V (φ2) = λ0, F (φ
2) = ξ0, a → 0 and
b→ 0. In this case the beta functions for λ0 and b in our work become
βλ0 =
1
16pi2
, βb =
53
720pi2
. (65)
They agree with [165]. Note that βξ0 depends on the gauge parametrization.
Next, we consider the beta functions for the matter couplings. Setting the coupling
constants as λ˜0 → 0, ξ˜2 → 0, ξ˜0 = 1/(16pig), a˜ → 0, β˜ → 0 and the gauge parameters as
α = 0, β = 1 and ρ1 = ρ2 = 0, the beta functions become
∂tλ˜0 = −Nf
8pi2
+
5 + 8λ˜2
32pi2(1 + 2λ˜2)
, (66)
∂tλ˜2 = −2λ˜2 + Nf y˜
2
8pi2
− 3λ˜4
8pi2(1 + 2λ˜2)2
+ 2gλ˜2
(2 + λ˜2)
pi(1 + 2λ˜2)2
, (67)
∂tλ˜4 = −Nf y˜
4
8pi2
+
9λ˜24
2pi2(1 + 2λ˜2)3
+ 4gλ˜4
1− 8λ˜2 + 28λ˜22 + 24λ˜32
pi(1 + 2λ˜2)3
+O(g2) , (68)
∂tξ˜0 = ∂t
(
1
16pig
)
=
Nf
48pi2
+
1
96pi2(1 + 2λ2)
+
−10g + 3pi
24gpi2
, (69)
∂tξ˜2 =
Nfy
2
48pi2
− λ˜4
8pi2(1 + 2λ˜2)2
+
g(18λ˜2 + 97λ˜
2
2 + 104λ˜
3
2)
3pi(1 + 2λ˜2)2
, (70)
∂ty˜ = − y˜
3(1 + λ˜2)
8pi2(1 + 2λ˜2)2
+ gy˜
2395 + 1388λ˜2 + 1260λ˜
2
2
1120pi(1 + 2λ˜2)2
. (71)
The contributions from matter fluctuations agree with [50, 64, 66]. Although the gauge fixing
and ghost actions are different from them in [50, 64, 66], the gravitational contributions are
similar.
The contributions of higher derivative gravity to the Yukawa coupling constant is consid-
ered and compared with [171]. To this end, we set the gauge parameters as α = 0, β = 0,
ρ1 = ρ2 = 0 and the coupling constants as λ˜2 → ∞, ξ˜2 → 0, λ˜4 → 0, ξ˜0 = 1/(16pig),
16
(I) (II) (III) (IV) (V)
(VI) (VII) (VIII) (IX) (X)
(XI) (XII) (XIII) (XIV)
FIG. 2: The loop corrections to the Yukawa coupling. The Feynman diagrams for the propagators
are shown in Fig. 1
λ˜0 = Λcc/(16pig), a˜ = a¯/(16pig) and b˜ = b¯/(16pig), and then obtain
∂ty = βy =
gy˜
3360pi
(
5600(3b¯+ 2)
(b¯− 2Λcc + 1)2
− 13440(9a¯+ 3b¯− 1)
(18a¯+ 6b¯+ 4Λcc − 3)2
− 315(216a¯+ 72b¯+ 16Λcc − 27)
(18a¯+ 6b¯+ 4Λcc − 3)2
+
576(630a¯+ 210b¯+ 28Λcc − 75)
(18a¯+ 6b¯+ 4Λcc − 3)2
)
. (72)
The first, second, third and last terms correspond to the contribution from the diagrams (I),
(III)(IV), (VIII)(IX) and (XI)(XII) shown in Fig. 2, respectively. The first term being the
contribution from the transverse graviton (h⊥µν) agrees with [171]. As the choice of gauge in
[171] differs from ours, the remaining terms depend on the gauge.
B. Structures of beta functions and stability matrix
As discussed in appendix A, the fixed point g∗ is defined by βi(g∗) = 0 for all coupling
constants which span the truncated theory space. Here we show the explicit beta functions of
the gravitational coupling constants in the limits ξ˜2 = λ˜4 = y˜ = 0, with vanishing anomalous
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dimension (i.e., ∂tgi = 0 on the right-hand side), and α→ 0 and β = 1.
∂tλ˜0 = −4λ˜0 + 1−Nf
8pi2
+
1
32pi2(1 + 2λ˜2)
+
1
48pi2
5(b˜+ 2λ˜0)
b˜− λ˜0 + ξ˜0
− 1
24pi2
3a˜+ b˜− λ˜0
−6a˜− 2b˜− λ˜0 + ξ˜0
,
(73)
∂tξ˜0 = −2ξ˜0 − Nf − 20
48pi2
− 1
96pi2(1 + 2λ˜2)
− 1
192pi2
(
5(4a˜− 2b˜− 15λ˜0)
b˜− λ˜0 + ξ˜0
+
10(4a˜+ 3b˜)(b˜+ 2λ˜0)
(b˜− λ˜0 + ξ˜0)2
)
− 1
196pi2
(
−12a˜− 4b˜+ 3λ˜0
−6a˜− 2b˜− λ˜0 − ξ˜0
+
8(3a˜+ b˜)(3a˜+ b˜− λ˜0)
(−6a˜− 2b˜− λ˜0 − ξ˜0)2
)
, (74)
∂tc˜ = −6Nf − 997
11520pi2
+
1
1280pi2(1 + 2λ˜2)
− 180a˜+ 115b˜− 41λ˜0
384pi2(b˜− λ˜0 + ξ˜0)
+
5(−4a˜b˜− 76a˜λ˜0 + 16a˜2 − 53b˜λ˜0 − 10b˜2)
384pi2(b˜− λ˜0 + ξ˜0)2
+
5(4a˜+ 3b˜)2(b˜+ 2λ˜0)
192pi2(b˜− λ˜0 + ξ˜0)3
− 210a˜+ 70b˜− 13λ˜0
11520pi2(−6a˜− 2b˜− λ˜0 + ξ˜0)
+
(3a˜+ b˜)(12a˜+ 4b˜− 3λ˜0)
192pi2(−6a˜− 2b˜− λ˜0 + ξ˜0)2
− (3a˜+ b˜)
2(3a˜+ b˜− λ˜0)
6pi2(−6a˜− 2b˜− λ˜0 + ξ˜0)3
,
(75)
∂tb˜ =
7(Nf + 118)
1440pi2
+
1
720pi2(1 + 2λ˜2)
+
1
9pi2
(
5λ˜0
b˜− λ˜0 + ξ˜0
)
+
1
360pi2
(
λ˜0
−6a˜− 2b˜− λ˜0 + ξ˜0
)
,
(76)
where c˜ := a˜ + b˜
4
. The fixed point is given by solving the coupled equations ∂tλ˜0 = ∂tξ˜0 =
∂tc˜ = ∂tb˜ = 0. For pure gravity the limits λ˜2 → ∞ and Nf → 0 have to be taken. The
numerical calculation is performed in the next section.
Next, we show the diagonal parts of the stability matrix in the matter sector at the
Gaussian-matter fixed point,
∂βλ˜2
∂λ˜2
∣∣∣∣
λ˜2→0
= −2− 1
384pi2
(
− 40(3b˜+ 2ξ˜0)
(b˜− λ˜0 + ξ˜0)2
+
16(9a˜+ 3b˜− ξ˜0)
(5a˜+ 2b˜+ λ˜0 − ξ˜0)2
)
, (77)
∂βξ˜2
∂ξ˜2
∣∣∣∣
ξ˜2→0
= − 1
1152pi2
(
30
{
ξ˜0(−8a˜+ 9b˜+ 5λ˜0)− 2(b˜+ λ˜0)(12a˜+ 4b˜+ 5λ˜0) + 5ξ˜20
}
(b˜− λ˜0 + ξ˜0)3
+
6
[
ξ˜0
{
λ˜0 − 30(3a˜+ b˜)
}
+ 2(6a˜+ 2b˜− λ˜0)(24a˜+ 8b˜+ λ˜0) + ξ˜20
]
(6a˜+ 2b˜+ λ˜0 − ξ˜0)3
)
, (78)
∂βλ˜4
∂λ˜4
∣∣∣∣
λ˜4→0
=
1
384pi2
(
40(3b˜+ 2ξ˜0)
(b˜− λ˜0 + ξ˜0)2
− 16(9a˜+ 3b˜− ξ˜0)
(6a˜+ 2b˜+ λ˜0 − ξ˜0)2
)
, (79)
∂βy˜
∂y˜
∣∣∣∣
y˜→0
=
1
53760pi2
(
5600(3b˜+ 2ξ˜0)
(b˜− λ˜0 + ξ˜0)2
+
3(32760a˜+ 10920b˜+ 1596λ˜0 − 4015ξ˜0)
(6a˜+ 2b˜+ λ˜0 − ξ˜0)2
)
, (80)
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where the matter coupling constants and ∂tgi are set to zero.
11 The first term in the paren-
theses for each beta function corresponds to the transverse graviton loop contribution which
is the physical mode and then is dominant.
Let us naively estimate the value of the critical exponent. We will perform a numerical
analysis in the next section. In the beta function of the scalar mass, the first term is its
canonical dimension and the scalar mass becomes relevant at the Gaussian fixed point where
all coupling constant vanish g∗i = 0. When we have 3b˜+ 2ξ˜0 > 0 at a non-trivial fixed point,
the transverse graviton loop contribution tends to make the critical exponent of the scalar
mass negative. The critical exponents for the quartic scalar and Yukawa coupling constants
also tend to become negative due to the gravitational fluctuations. On the other hand, the
critical exponent for the non-minimal coupling constant tends to become positive.
IV. NUMERICAL ANALYSIS
A. Fixed point structure and critical exponent
The fixed points and the critical exponents are investigated numerically. In this section
we employ the Landau gauge α = 0 and the other gauge parameters are set to β = 1. As will
be seen, the beta functions do not depend on ρ1 and ρ2 in the Landau gauge. We investigate
the following cases:
• Einstein–Hilbert (EH) truncation; g = {ξ˜0, λ˜0},
• EH +R2; g = {ξ˜0, λ˜0, a˜},
• EH +R2 +RµνRµν ; g = {ξ˜0, λ˜0, a˜, b˜},
• EH–scalar; g = {ξ˜0, λ˜0, λ˜2, ξ˜2, λ˜4},
• EH–Higgs-Yukawa (HY); g = {ξ˜0, λ˜0, λ˜2, ξ˜2, λ˜4, y˜},
• Full theory space (1); g = {ξ˜0, λ˜0, a˜, b˜, λ˜2, ξ˜2, λ˜4, y˜}.
The values of fixed points in the these truncations are shown in table I. We find a Gaussian-
matter fixed points for the system with matter, that is, the fixed points for matter couplings
11 In the next section, we numerically take into account the contributions of ∂tgi.
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θ3 (ξ˜0= ξ˜0*,λ˜0=λ˜0*)
FIG. 3: The behavior of θ3 as a function of a˜. The blue and orange lines correspond to the “EH
+R2” (i) and (ii), respectively.
become the Gaussian fixed point g∗i = 0. In the last row of table I, we show the value of a
combination λ˜∗0/ξ˜
∗
0
2 which is dimensionless and then has a weak dependence pn cutoff and
gauge choices. The values of the critical exponents at the fixed point given in table I are
listed in table II.
For higher derivative pure gravity truncations, i.e, “EH +R2” and “EH +R2 +RµνR
µν”,
two fixed points are found. At the fixed point (i) in the EH +R2 truncation, the critical
exponents are positive and then all couplings are relevant. This result agrees with [71, 77].
In contrast, at the fixed point (ii) one of the critical exponents becomes negative. This is
because its fixed point is located around a pole of θ3. In Fig. 3, we show the behavior of
θ3 with ξ˜0 = ξ˜
∗
0 and λ˜0 = λ˜
∗
0 as a function of a˜. For EH +R
2 (i) and (ii), there is a pole
at a˜ ' 0.00560 and a˜ ' 0.00507, respectively. The value a˜∗ ' 0.004603 in EH +R2 (ii) is
near the pole. Therefore, the fixed point (ii) may be an artifact of the truncation of theory
space. The fixed point (ii) in the EH +R2 +RµνR
µν truncation may correspond to the result
given in [87] since the there are three positive critical exponents and one irrelevant one and
they do not have imaginary part. However, the value of θ3 is larger than that of [87]. To
see the stability of the critical exponents, we investigate their gauge dependence in the next
subsection.
The result of the scalar–gravity system (“EH–scalar”) agrees with [46]. In the present
work for the Higgs–Yukawa system (“EH–HY”), the scalar mass and the non-minimal cou-
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pling become relevant whereas the previous study [64] reported that they become irrelevant.
This is because the gauge fixing and ghost actions (6) are different. Nevertheless, the real
parts of θ5 and θ6 become smaller than the ones in the scalar–gravity system. Therefore,
the fermionic fluctuation tends to make the critical exponents of the scalar mass and the
non-minimal coupling small, but their magnitude depends on the gauge choice. For the full
theory space (1), we find three sets of fixed point for the present gauge parameters. The
cosmological constant λ˜∗0 in one of them is negative (Full (iii)). At this point we cannot
conclude which fixed point is reasonable.
Here we consider the reason why the critical exponents obtained in “Full (ii)” have large.
In the Landau gauge the propagator for the transverse and longitudinal gravitons has the
following pole structure:
TT := λ˜0 − ξ˜0 − κ˜, TL := λ˜0 − ξ˜0 + 6ω˜ + 2κ˜, (81)
respectively. At the fixed point of “Full (ii)”, their values become TT ' 4.65 × 10−3 and
TL ' 4.78× 10−5. TL is smaller than TT at the values of the fixed point. In other words, the
values of the fixed point are located at near the pole of the longitudinal graviton propagator.
In particular, it seems that the critical exponents for the quartic and the Yukawa couplings
are affected by the values of the longitudinal graviton propagator. Note that at the fixed
point of “Full (i)”, values of (81) become TT ' 2.73× 10−3 and TL ' 3.56× 10−4. Then we
see that the critical exponents in “Full (i)” tend to become smaller than the ones in “Full
(ii)”. The fixed point being close to the pole in the propagator is not suitable and indicate
that this fixed point might be a gauge artifact. The eigenvalues, i.e. the critical exponents,
are shown in table. I.
B. Gauge dependence
In the previous subsection, we have found sets of non-trivial UV fixed point. Here we
investigate the gauge dependence for the fixed point and the critical exponent. If the fixed
point is not an artifact of the approximation, the structure of the fixed point should be
stable against the change of gauge parameters.
Let us first explicitly look at the gauge dependence of the beta functions in the Landau
gauge α → 0. We see that in the Wetterich equation X and Y defined in (B51) and (B52)
21
Truncation ξ˜∗0 × 102 λ˜∗0 × 103 a˜∗ × 102 b˜∗ × 102 λ˜∗0/ξ˜∗02
EH 2.529 4.559 — — 7.13
EH +R2 (i) 2.254 3.392 0.2312 — 6.68
EH +R2 (ii) 2.192 5.800 0.4603 — 12.1
EH +R2 +R2µν (i) 1.115 4.331 0.5021 −1.109 34.9
EH +R2 +R2µν (ii) 1.695 5.666 1.186 −2.993 19.7
EH +R2 +R2µν (iii) 2.690 −9.349 2.943 −2.720 −12.9
EH–scalar 2.60 5.76 — — 8.53
EH–HY 2.07 1.17 — — 2.74
Full (i) 0.773 2.74 0.346 −0.772 45.9
Full (ii) 0.973 3.26 0.479 −1.11 34.5
Full (iii) 2.099 −9.841 2.512 −2.141 −22.3
Full (iv) 9.893× 10−4 −6.697 4.771× 10−2 −2.427× 10−2 −6.842× 107
TABLE I: The values of fixed points for α = 0 and β = 1. “EH”, “HY” and “Full” denote the
Einstein–Hilbert truncation, the Higgs-Yukawa term and the theory space (1), respectively.
within the spin 1 and 0 fields cancel out:
A := 1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
ξξ
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
B⊥B⊥
− Tr ∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
C¯⊥C⊥
= ∂˜t
[
1
2
Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
ξξ
+
1
2
Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
B⊥B⊥
− Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
C¯⊥C⊥
]
= ∂˜t
[
1
2
Tr log
(
X (Pk)
(
Pk
(
∆¯L1
)− R¯
2
))
+
1
2
Tr log(X (Pk))
− Tr log
(
X (Pk)
(
Pk
(
∆¯L1
)− R¯
2
))]
spin 1
= −1
2
∂˜tTr log
(
Pk
(
∆¯L1
)− R¯
2
)
, (82)
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Truncation θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8
EH 2.74 + 1.43i θ∗1 — — — — — —
EH +R2 (i) 2.54 + 1.43i θ∗1 12.2 — — — — —
EH +R2 (ii) 2.70 + 1.75i θ∗1 −36.8 — — — — —
EH +R2 +R2µν (i) 2.95 + 1.06i θ
∗
1 8.76 + 1.61i θ
∗
3 — — — —
EH +R2 +R2µν (ii) 2.08 8.12 72.1 −2.52 — — — —
EH +R2 +R2µν (iii) 3.63 + 4.72i θ
∗
1 2.04 44.0 — — — —
EH–scalar 2.77 + 1.56i θ∗1 — — 0.766 + 1.56i θ∗5 −1.61 —
EH–HY 2.63 + 1.24i θ∗1 — — 0.631 + 1.24i θ∗5 −1.38 −0.746
Full (i) 3.54 + 1.70i θ∗1 5.69 15.7 0.622 + 4.34i θ∗5 20.4 −26.6
Full (ii) 4.03 7.92 81.7 −2.07 1.92 + 3.33i θ∗5 84.0 −1405
Full (iii) 4.09 + 3.84i θ∗1 1.95 34.6 13.6 0.487 2.74 2.49
Full (iv) 2.32 4.12 4.74 12.8 2.72 −90.3 0.980 −4.76× 102
TABLE II: The values of critical exponents for α = 0 and β = 1. “EH”, “HY” and “Full” denote
the Einstein–Hilbert truncation, the Higgs-Yukawa term and the theory space (1), respectively.
and
B := 1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
SS
+
1
2
Tr
∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
BB
− Tr ∂tRk
Γ
(1,1)
k +Rk
∣∣∣∣∣
C¯C
= ∂˜t
[
1
2
Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
SS
+
1
2
Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
BB
− Tr log
(
Γ
(1,1)
k +Rk
) ∣∣∣∣
C¯C
]
= ∂˜t
[
1
2
{
Tr log
(
Y(Pk)
(√
Pk
(
∆¯L0
)− R¯
3
+ β
√
Pk
(
∆¯L0
)))
+ ...
}
+
1
2
Tr log(Y(Pk))− Tr log
(
Y(Pk)
(
Pk
(
∆¯L0
)− R¯
3− β
))]
spin 0
= ∂˜t
[
1
2
Tr log
(√
Pk
(
∆¯L0
)− R¯
3
+ β
√
Pk
(
∆¯L0
))(
Pk
(
∆¯L0
)− R¯
3− β
)−2
+ ...
]
, (83)
where ... represents the contribution which does not depend on ρ1, ρ2, but depends on β.
That is, the dependences of the gauge parameters ρ1 and ρ2 do not appear and there is only
the β dependence in the spin 0 contributions. Setting V (φ2) = ξ2 = y = a = b = 0, the
corrections to the operators V (φ2) and R¯µνρσR¯
µνρσ do not depend on the gauge parameter β.
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FIG. 4: β-dependence of (84) (left) and (85) (right).
For β = 0, h disappears in the gauge fixing action (B53). Alternatively, taking β → ±∞, σ
disappears, which is called “unimodular physical gauge” [62]. Besides, it has been discussed
in [106, 172, 173] that the choice β = −1 is “physical gauge fixing”.
The corrections to the operators R¯ and R¯2 depend on β and become
A+ B
∣∣∣∣
R¯
=
β2 + 6β − 15
64pi2(β − 3)2 , (84)
A+ B
∣∣∣∣
R¯2
=
131β4 − 372β3 − 366β2 + 3852β − 4509
3840pi2(β − 3)4 . (85)
Their gauge dependences on β are shown in Fig. 4. One can see that there is pole at
β = 3 [66]. The gauge parameters have to avoid to be chosen values near the poles.
The numerical values of the transverse graviton loop contributions are
STTF := −
25
96pi2
≈ −0.0263857, (86)
STTc := −
41
768pi2
≈ −0.00540907. (87)
The contributions with the gauge dependences should not be larger than (86) and (87). We
see that A ' STTF at β ' 2.4 and B ' STTc at β ' 1.7. Then, β < 1.5 should be chosen.
Next, we numerically investigate the gauge dependences of the fixed point and the critical
exponent. First, we vary the value of β. In Fig. 5–10, we show the stable fixed points and
the critical exponents for the each truncation. The fixed point structures for β = 0,−1,±2
are summarized in table III, IV, V, VI VII, VIII, IX and X in Appendix E.
One can see that the result of EH is stable under the change of β. Both the cosmological
and Newton constants are relevant. The other solutions with β = −1 in table V are artifact.
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FIG. 5: The dependences of the stable fixed point and the stable critical exponent on β in the
“EH” truncation.
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FIG. 6: The dependences of the stable fixed point and the stable critical exponent on β in the “EH
+R2” truncation.
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FIG. 7: The dependences of the stable fixed point and the stable critical exponent on β in the “EH
+R2 +R2µν” truncation.
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FIG. 8: The dependences of the stable fixed point and the stable critical exponent on β in the
“EH–scalar” truncation.
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FIG. 9: The dependences of the stable fixed point and the stable critical exponent on β in the
“EH–HY” truncation.
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FIG. 10: The dependences of the stable fixed point and the stable critical exponent on β in the
“full” theory space.
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Similarly, EH+R2 has a rather stable fixed point where all three couplings are relevant.
The stable fixed point with four relevant couplings is found in the case of EH+R2 + R2µν .
However, this feature is not consistent with Refs. [87, 88], where one of the couplings is
irrelevant. This disagreement would come from the difference of the treatment of ghost
action: The ghost action (6) is based on the BRST formalism, whereas [87, 88] employ
the Nielsen-Kallosh ghost. Besides, Refs. [87, 88] imposes a “mode by mode” cancelation
between the gauge-degrees of freedom in the metric and the ghost sector.
One of the critical exponents in gravity sector has large value (θ4 ∼ 30), which means
that the system has to be extended.
As for EH–scalar and EH–HY, we can find a stable fixed points. The quartic coupling of
the scalar is irrelevant in EH–scalar, and the quartic and Yukawa couplings are irrelevant in
EH–HY. Although the Yukawa coupling becomes relevant for β = 2, this may not be reliable
because this point is close to the pole of ghost propagator at β = 3, see (84), (85) and (D17).
Note that the value of θ1, θ2, θ5, θ6 decreases in EH–HY compared with EH–scalar. This can
be interpreted as the effect of the fermion loop. In the “Full” result, the number of sets
of fixed points changes while varying the gauge parameter β. The fixed point, at which all
coupling constants become relevant, is stable for varying the gauge parameter β. Therefore,
this fixed point is suitable for the present truncated system; see Fig. 7. In this case, all
couplings of the gravity sector become relevant as with the EH+R2 +R2µν truncation.
In the “Full” result with stable critical exponents, the quartic and the Yukawa coupling
become relevant. This is because of the large negative fixed point value of b. See Fig. 10
where the dependences of the stable fixed point and the stable critical exponent on β is
shown. For the critical exponents of the quartic coupling (79) the Yukawa coupling (80),
the main contribution comes from the transverse and traceless mode which has 3b˜ + 2ξ˜0
in the numerator. Substituting the values of fixed point given in e.g., table I, we have
3b˜+ 2ξ˜0 ≈ −0.02225. Then the sign of their critical exponents changes to positive.
To compare with [171], we calculate
g =
1
16piξ˜0
≈ 0.947802, Λcc = 16piξ˜0λ˜0 ≈ −0.234421, (88)
a¯ = 16piξ˜0a˜ ≈ 1.20105, b¯ = 16piξ˜0b˜ ≈ −1.02001, (89)
where we used the fixed point values for β = 0 given in table III. Note that although we
have used the different gauge fixing and ghost actions from [171], the reason, why the critical
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exponent of the Yukawa coupling becomes positive, is same. Since the dominant effects
come from the transverse and traceless tensor mode which is independent of the gauge
parameters, it is expected that there are no major differences. The values (88) and (89)
are actually consistent with the region where the critical exponent of the Yukawa coupling
become relevant; see [171].
V. SUMMARY AND DISCUSSION
In this paper we have studied higher derivative gravity coupled without and with matter
fields. In particular, for the matter theory, the Higgs-Yukawa model has been employed.
For pure gravity, the scalar–gravity and the Higgs-Yukawa system with Einstein-Hilbert
(EH) term, we have obtained results which are consistent with previous studies. In higher
derivative gravity, we find several non-trivial fixed points. For the EH+R2 truncation one
of them is consistent with the previous studies [71, 77]. For the EH+R2 + R2µν truncation
one features only positive critical exponents and the other three positive and one negative
critical exponent. In the “Full theory space” (“Full” truncation) spanned by eight couplings,
several possible fixed points have been found.
To see the stability of the critical exponents, we have investigated the gauge dependence.
We have found that in the Landau gauge (α = 0) the beta functions do not depend on ρ1
and ρ2. In the systems with the EH truncation, the values of the critical exponent are stable
under variation of the gauge parameters. In contrast, for higher derivative gravity we find
a fixed point at which all critical exponents become stable and positive. We could conclude
that pure asymptotically safe gravity has four relevant directions although this is not in
agreement with the previous study [87]. However, the study using the vertex expansion
suggests that the higher derivative gravity would have two relevant directions [131]. These
facts indicate that the order of the truncation has to be improved. For the full truncation,
there is a fixed point where all coupling constants become relevant. Since this result is stable
under variation of the gauge parameters, we conclude that this fixed point appears to be
reliable. However, there is no irrelevant direction and θ4 is large. We have to include higher
dimensional operators and investigate the stability of critical exponents.
In the “Full” truncation, the Yukawa coupling becomes relevant. This is a desired result
for the asymptotic safety scenario. The previous studies [50, 64, 66] have reported that the
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Yukawa coupling becomes irrelevant at the non-trivial fixed point of gravitational couplings.
This means, however, that fermions cannot have masses at low energy since the Yukawa
interaction is prohibited by chiral symmetry. It is inconsistent with our universe. In order
to confirm the relevance of the Yukawa coupling, the theory space has to be extended.
Finally, we would like to comment on the gauge hierarchy problem since asymptotically
safe gravity could solve this problem [137]. First of all, let us consider the meaning of the
quadratic divergence k2. In the renormalization procedure the quadratic divergence strongly
depends on the cutoff scheme. When dimensional regularization is used, the quadratic
divergence actually does not appear. Even if another regularization which generates the
quadratic divergence is used, it is subtracted by renormalization. Therefore, we may be able
to conclude that the quadratic divergence is meaningless.12
In this point of view, the dimensionless scalar mass m¯ = m/k is given by
m¯2(k) = m¯2(Mpl)
(
k
Mpl
)−θm
, (90)
where m¯2(Mpl) is the scalar mass given at Mpl is a scale such as the Planck scale and we
defined the critical exponent θm := 2 − γm with the anomalous dimension of the mass γm
which is obtained as γm ≈ 0.027 in the standard model. In order to obtain m¯2(kEW) ≈ 1
at the electroweak scale, m¯2(Mpl) ≈ 10−33 is required. This is the gauge hierarchy problem.
In ref. [137], it is discussed that asymptotically safe gravity could solve this problem. If
one can obtain large anomalous dimension γm > 2 (equivalently θm < 0) around the non-
trivial fixed point of quantum gravity above the Planck scale which means that the scalar
mass is irrelevant, the mass given above the Planck scale decreases towards the Planck
scale by lowering the cutoff scale. Then the tiny mass at the Planck scale m¯2(Mpl) ≈
10−33 is automatically realized. One calls this mechanism “self-tuned criticality”. Since the
gravitational effects decouple below the Planck scale, the critical exponent of the scalar mass
turns to positive θm > 0 and the scalar mass realizes m¯
2(kEW) ≈ 1. This mechanism is called
“resurgence mechanism”. In this work, we unfortunately have not obtained a solid result
that the critical exponent of the scalar mass becomes negative as reported in [64]. However,
our work show that the ferminonic fluctuations make the critical exponent of the scalar mass
12 In viewpoint of renormalization group, the quadratic divergence determines the position of the second-
order phase boundary [174–178].
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small. Its dependence on the number of flavors of fermion, scalar and gauge fields should
be investigated in future works. Note that in a viewpoint of string theory, there might be
a physical cutoff above the Planck scale, and the problem of quadratic divergence becomes
real issue. In this case, it might be interesting to investigate the Veltman condition [179].
As speculated by Veltman, the scale where Veltman condition would be related to the
restoration of supersymmetry [179–181], and we can explore the scale of supersymmetry by
numerical calculation.
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Appendix A: Functional renormalization group
The FRG is a method to analyze systems without relying on a perturbative expansion.
Therefore, it is also called the non-perturbative renormalization group. In the FRG, the
effective action Γk is defined by integrating out the high momentum modes k < |p| < Λ,
where Λ is the initial cutoff scale at which the bare action is given. Integrating out quantum
fluctuations with the “shell momentum mode” k − δk < |p| < k, the effective action Γk−δk
is generated and the rate of variability is defined:
Γk − Γk−δk
δk
:= β. (A1)
This functional differential equation with the initial condition ΓΛ = S at k = Λ is the FRG
equation where the right-hand side is called the beta function. Its explicit form is known as
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the Wetterich equation [182, 183], which reads
∂
∂k
Γk =
1
2
STr
( −→δ
δΦ(x)
Γk
←−
δ
δΦ(y)
+Rk(x, y)
)−1
· ∂
∂k
Rk(y, x)
 , (A2)
where the field Φ is the superfield and “STr” denotes the supertrace for the supermatrix.13
The cutoff function Rk in momentum space behaves as
Rk
(
p2
) ∼
0 |p| > kk2 |p| < k. (A3)
The cutoff function suppresses the fluctuations with lower momentum |p| < k. Thanks to
this profile, only the fluctuations with higher momentum k < |p| < Λ are integrated out,
that is, the path-integral is evaluated.
In order to calculate the beta functions in a system using equation (A2), we rewrite it in
a more explicit form.14 DefiningΓBB ΓBF
ΓFB ΓFF
 := −→δ
δΦ(x)
Γk
←−
δ
δΦ(y)
,
RBB 0
0 RFF
 := Rk(x, y) , (A4)
and then
M :=
MBB MBF
MFB MFF
 := −→δ
δΦ(x)
Γk
←−
δ
δΦ(y)
+Rk(x, y) =
ΓBB ΓBF
ΓFB ΓFF
+
RBB 0
0 RFF
 , (A5)
the Wetterich equation becomes
∂
∂k
Γk =
1
2
∂˜
∂k
Tr
[
lnMBB
]
− 1
2
∂˜
∂k
Tr
[
ln
(
MFF −MFBM−1BBMBF
)]
, (A6)
where we have used the formula for the superdeterminant of supermatrix,
SDetM = detMBB
det(MFF −MFBM−1BBMBF)
. (A7)
Here the derivative ∂˜/∂k acts only on the cutoff scale in RBB and RFF and then we obtain
∂
∂k
Γk =
1
2
Tr
[
M−1BB
∂RBB
∂k
]
− 1
2
Tr
[(
MFF −MFBM−1BBMBF
)−1(∂RFF
∂k
+MFBM−1BB
∂RBB
∂k
M−1BBMBF
)]
.
(A8)
13 See [64] for details on the manipulation for the supermatrix.
14 See e.g., [184, 185] for the deformation of the Wetterich equation.
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If we expand the term
(
MFF −MFBM−1BBMBF
)−1
= M−1FF
(
1 −M−1FFMFBM−1BBMBF
)−1
into the polynomials of M−1FFMFBM−1BBMBF, the equation is
∂
∂k
Γk =
1
2
Tr
[
M−1BB
∂RBB
∂k
]
− 1
2
Tr
[
M−1FF
∂RFF
∂k
]
− 1
2
Tr
[
M−1FF
∂RFF
∂k
M−1FFMFBM−1BBMBF
]
− 1
2
Tr
[
M−1FFMFBM−1BB
∂RBB
∂k
M−1BBMBF
]
+ · · · . (A9)
The first and second terms on the right-hand side corresponds to the one-loop effects of
boson and fermion, respectively. The third and fourth terms are the one-loop corrections
with both bosonic and fermionic fluctuations. This form is useful to obtain the RG equation
for the Yukawa coupling constant since the vertex structure becomes clearer.
We now introduce the critical exponents which are central characteristic of an asymptot-
ically safe fixed point.15 Let us consider an effective action in d dimensions,
Γk =
∫
ddx
∞∑
i=0
gˆi
kdOi−d
Oi, (A10)
where gˆi is the dimensionless coupling constant and dOi is the dimension of the operator
Oi. Note that one of the operators among (A10) should be redundant, e.g., the kinetic term
with the field renormalization factor. We here assume that the operator O0 is redundant.
Using the Wetterich equation we obtain coupled RG equations of the coupling constants
k
∂gi
∂k
= βi(g) , (A11)
where gi = gˆi/gˆ0 with a redundant coupling constant g0 and g¯ without the index stands for
a set of coupling constants {g1, g2, · · · }. We assume that the system (A10) has a fixed point
g∗ at which the beta functions vanish βi(g∗) = 0 for all i. The RG flows around the fixed
point are governed by the linearized RG equations
k
∂gi
∂k
'
∑
j
∂βi
∂gj
∣∣∣∣
g=g∗
(gj − g∗j ). (A12)
We easily find their solution
gi = g
∗
i +
∞∑
j=0
Ciζij
(
Λ
k
)θj
, (A13)
15 The discussions here are given in e.g., [22, 64, 94, 96].
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where Ci are constants of integration, ζij is the matrix diagonalizing the stability matrix
Mij := −∂βi∂gj |g=g∗ and θj being the eigenvalue of Mij is called the critical exponent. We can
classify the RG flow as being one of three types:
1. relevant (Re(θj) > 0);
2. marginal (Re(θj) = 0);
3. irrelevant (Re(θj) < 0).
While lowering the cutoff scale k → 0, the RG flow with the positive critical exponent grows
and becomes dominant at low energy scales. In contrast, the RG flow with the negative
critical exponent shrinks towards the fixed point. Low energy physics is determined by the
relevant operators and their coupling constants become the free parameters of the system.
In other words, when fixing the physics at low energy the theory can asymptotically reach
the fixed point in the limit k →∞. Then, the theory is free from UV divergences.
More explicitly, the beta function of g¯i is typically written as
k
∂g¯i
∂k
= (dOi − d− η)g¯i + fi(g¯) , (A14)
where the first term in the right-hand side is the canonical dimension of the coupling constant
g¯i with η := −k∂k ln g0 on the anomalous dimension from the redundant operator O0 and
fi(g) encodes the loop effects. Expanding (A14) around the fixed point g¯
∗, the RG equation
becomes
k
∂g¯i
∂k
=
∑
j
(
(dOi − d− η)δij +
∂fi(g¯)
∂g¯j
∣∣∣∣
g¯=g¯∗
)
(g¯j − g¯∗j ) +O
(
(g¯i − g¯∗i )2
)
' −
∑
j
Mij
∣∣
g¯=g¯∗(g¯j − g¯∗j ). (A15)
The critical exponent is given as the eigenvalue of the matrix Mij|g¯=g¯∗ . If the off-diagonal
part of Mij|g¯=g¯∗ is negligible, the critical exponent is given as
θi ' −(dOi − d− η)δii −
∂fi(g¯)
∂g¯i
∣∣∣∣
g¯=g¯∗
(no summation for i). (A16)
We can see that the critical exponent is the “effective” dimension around the fixed point
and the loop correction −∂fi(g¯)
∂g¯i
|g¯=g¯∗ corresponds to the anomalous dimension arising from
the non-perturbative dynamics. Note that since the canonical scaling term −(dOi − d − η)
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becomes dominant around the Gaussian (trivial) fixed point at which perturbation theory is
valid and η ≈ 0, we see that the value of critical exponent is found by the naive dimensional
analysis.
Appendix B: Variations
The variations for the operators given in the action (1) are calculated to derive the beta
functions for the effective action. To this end, the fields are split as given in (3). Here we
assume that g¯µν is an arbitrary background. In this case, the results of first and second
variations become [186]∫
d4x δ(
√
gO) =
∫
x
[
1
2
hO¯ + δO
]
, (B1)∫
d4x δ(
√
gF
(
φ2
)
R) =
∫
x
[{
R¯
2
h− R¯µνhµν − ¯h+ ∇¯µ∇¯νhµν
}
F + R¯δF
]
, (B2)∫
d4x δ(
√
gR2) =
∫
x
[
1
2
R¯2g¯µν − 2R¯R¯µν − 2∇¯α∇¯αR¯g¯µν + 2∇¯µ∇¯νR¯
]
hµν , (B3)∫
x
δ(
√
gRµνRµν) =
∫
x
[
1
2
R¯αβR¯αβ g¯
µν − ∇¯α∇¯αR¯µν − 1
2
∇¯α∇¯αR¯g¯µν + ∇¯α∇¯βR¯− 2R¯αβR¯ µ να β
]
hµν ,
(B4)
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∫
d4x δ2(
√
gO) =
∫
x
[{
−1
2
hµνhµν +
1
4
h2
}
O¯ + hδO + δ2O
]
, (B5)∫
d4x δ2(
√
gF
(
φ2
)
R) =
∫
x
[{
1
2
hµν(¯− R¯)hµν + R¯αµβνhαβhµν − 1
2
h¯h+ h∇¯µ∇¯νhµν
+ (∇¯µhµα)(∇¯νhνα) + hαβR¯ ρα hρβ − hR¯αβhαβ +
R¯
4
h2
}
F
+ 2
{
R¯
2
h− R¯µνhµν − ¯h+ ∇¯µ∇¯νhµν
}
δF + R¯δ2F
]
, (B6)∫
d4x δ2(
√
gR2) =
∫
x
[
2h
{
¯2 + R¯
2
8
}
h+ R¯hαβ¯hαβ + 2R¯R¯αµβνhαβhµν
+ 2(∇¯µ∇¯νhµν)2 + (∇¯α∇¯βhαβ)
{
− 4¯− 2R¯
}
h
− 2R¯∇¯µhµν∇¯αhαν − R¯h¯h+ 4R¯αβhαβ¯h− 4R¯αβhαβ∇¯µ∇¯νhµν
− 4R¯hαβ∇¯β∇¯µhαµ − 4R¯∇¯µhµν∇¯νh− 2hαβ∇¯α∇¯µR¯hµβ − 1
2
h(¯R¯)h
+ 4h(∇¯α∇¯βR¯)hαβ + 3
2
(¯R¯)hαβhαβ − 2R¯hR¯αβhαβ − 1
2
R¯2hαβhαβ
+ 2R¯αβhαβR¯
µνhµν + 2R¯h
αβR¯ µα hµβ
]
, (B7)∫
d4x δ2(
√
gRµνR
µν) =
∫
x
[
1
2
hαβ¯2hαβ +
1
2
h¯2h− (∇¯µ∇¯νhµν)¯h+ ∇¯µhµν¯∇¯αhαν
+ (∇¯α∇¯βhαβ)2 + 2hµνR¯αµβν¯hαβ + 2hµνR¯αµβνR¯αρβτhρτ
+
1
4
R¯µνR¯µνh
2 − 2hR¯µνR¯αµβνhαβ − 1
2
hR¯αβ∇¯α∇¯βh
+ hR¯αβ∇¯β∇¯µhµα −
1
2
R¯µνR¯µνh
αβhαβ − ∇¯αhµαR¯µν∇¯νh− 2hαβ∇¯µ∇¯ρhαρR¯µβ
+ hαβ∇¯α∇¯νhνµR¯µβ + hαβR¯αµR¯νβhµν − hαβR¯αµR¯µνhβν + 2hαρR¯µνR¯ βρµ νhαβ
+ 2hµρR¯ νρ R¯
α β
µ νhαβ − 2hαβR¯µν∇¯ν∇¯βhαµ + hαβR¯µν∇¯µ∇¯νhαβ −
1
8
h(¯R¯)h
+ hαµ(¯R¯ βµ )hαβ +
1
4
(¯R¯)hαβhαβ
]
, (B8)
where we used the shorthand notation,
∫
x
=
∫
d4x
√
g¯, and O and O¯ are
O := V (Φ2)+ 1
2
gµν ∂¯µΦ ∂¯νΦ + Ψ¯ /¯DΨ + yΦΨ¯Ψ, (B9)
O¯ := V (φ2)+ yφψ¯ψ, (B10)
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respectively. The variations for F and O are given by∫
x
δF =
∫
x
(2φF ′)ϕ, (B11)∫
x
δ2F =
∫
x
ϕ(2F ′ + 4φ2F ′′)ϕ, (B12)∫
x
δO =
∫
x
[
(2φV ′)ϕ+ yϕψ¯ψ + yφ(χ¯ψ + ψ¯χ) + ψ¯
(
(δγµ)D¯µ + γ
µδD¯µ
)
ψ +
1
2
ψ¯ /¯Dχ− 1
2
(D¯µχ¯)γ
µψ
]
,
(B13)∫
x
δ2O =
∫
x
[
ϕ(−¯+ 2V ′ + 4φ2V ′′)ϕ+ χ¯( /¯D + yφ)χ+ yϕ(χ¯ψ + ψ¯χ)
+
1
2
{
ψ¯δγµ(D¯
µχ)− (D¯µχ¯)δγµψ
}
+ ψ¯γµ(δD¯
µ)χ+ χ¯γµ(δD¯
µ)ψ
+ ψ¯(δ2γµD¯µ + 2δγ
µδD¯µ + γ
µδ2D¯µ)ψ
]
, (B14)
where the prime denotes the derivative with respect to φ2 and we have assumed that the
background fields of scalar and fermion do not depend on the spacetime. Here we evaluate
the variations for the gamma matrix and the covariant derivative of fermion. To this end,
we follow the literatures [187, 188], where the local spin-based formalism has performed in
four dimension.16 The variation of the spin connection is given by
Γˆµ =
¯ˆ
Γµ +
1
8
[γκ, γσ]
[
δαβµ[κδ
ν
σ] + hρλ
(
ωαβρλ[κσ]δ
ν
µ − 2ωαβρλµ[κδνσ] −
1
2
δαβµ[κδ
ρλ
σ]χg¯
χν
)]
∇¯νhαβ +O
(
h3
)
,
(B15)
where we defined the tensors
ωρλαβµν = ω
αβρλ
νµ =
1
4
δρλµκg¯
κσδαβσν , (B16)
and δρλµν =
1
2
(δρµδ
λ
ν + δ
ρ
νδ
λ
µ), and the indices with square brackets are antisymmetric, i.e.,
T[µν] =
1
2
(Tµν − Tνµ). Then the variations for the covariant derivative are
δDµ =
1
8
[γα, γβ]∇¯βhαµ, (B17)
δ2Dµ, =
1
8
[γα, γβ]
(
− hρα∇¯βhµρ − hρβ∇¯ρhµα −
1
2
hρα∇¯µhρβ
)
. (B18)
Note that the gamma matrix γµ in (B17) and (B18) is defined on the background metric,
namely, γµ(g¯). For the gamma matrix, its expansion is
γµ(g¯ + h) = γµ(g¯) +
∂γµ
∂gρλ
∣∣∣∣
g=g¯
hρλ +
1
2
∂2γµ
∂gαβ∂gρλ
∣∣∣∣
g=g¯
hαβhρλ +O
(
h3
)
, (B19)
16 The local spin-based formalism in arbitrary dimensions is discussed in [189].
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where
∂γµ
∂gρλ
∣∣∣∣
g=g¯
=
1
2
δρλµνγ
ν(g¯) ,
∂2γµ
∂gαβ∂gρλ
∣∣∣∣
g=g¯
= −ωαβρλ[µν]γν(g¯) . (B20)
Then the variations of the gamma matrix are
δγµ =
1
2
γνhµν , δ
2γµ = −1
4
hλµhλνγ
ν . (B21)
Using the results of the variations given above, the variation of O becomes∫
x
δO =
∫
x
[
(2φV ′)ϕ+ yϕψ¯ψ + yφ(χ¯ψ + ψ¯χ) +
1
8
ψ¯
(
γµ[γα, γβ]∇¯βhαµ
)
ψ +
1
2
ψ¯ /¯Dχ− 1
2
(D¯µχ¯)γ
µψ
]
,
(B22)∫
x
δ2O =
∫
x
[
ϕ(−¯+ 2V ′ + 4φ2V ′′)ϕ+ χ¯( /¯D + yφ)χ+ yϕ(χ¯ψ + ψ¯χ)
+
1
4
[
ψ¯γν(D¯µχ)− (D¯µχ¯)γνψ
]
hµν +
1
8
(
χ¯γµ[γα, γβ]ψ + ψ¯γµ[γα, γβ]χ
) ∇¯βhαµ
− 1
16
(hρα∇¯µhρβ)ψ¯(γµ[γα, γβ])ψ
]
. (B23)
Note that we have used the fact that using the integration by part the covariant derivative
is given so that ∫
x
(ψ¯γνD¯µχ)hµν = −
∫
x
(ψ¯γνχ)∇¯µhµν , (B24)
where D¯µ and ∇¯µ are the covariant derivatives for the fermion and the graviton, respectively.
Note that the terms D¯µψ¯ and D¯µγ
ν are omitted.
We now assume that the background metric g¯µν is the Einstein metric, i.e., R¯µν =
R¯
4
g¯µν .
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In this case, the second variations of the operators are reduced as follow:∫
d4x δ2(
√
gO) =
∫
x
[{
−1
2
hµνhµν +
1
4
h2
}
O¯ + hδO + δ2O
]
, (B25)∫
d4x δ2(
√
gF
(
φ2
)
R) =
∫
x
[{
− 1
2
hµν
(
− δµαδνβ¯+ δµαδνβ R¯
2
− 2R¯αµβν
)
hαβ − 1
2
h¯h+ h∇¯µ∇¯νhµν
+ (∇¯µhµα)(∇¯νhνα)
}
F + 2
{
R¯
4
h− ¯h+ ∇¯µ∇¯νhµν
}
δF + R¯δ2F
]
=
∫
x
[{
− 1
2
hµν∆L2hµν − 1
2
h¯h+ h∇¯µ∇¯νhµν
+ (∇¯µhµα)(∇¯νhνα)
}
F + 2
{
R¯
4
h− ¯h+ ∇¯µ∇¯νhµν
}
δF + R¯δ2F
]
,
(B26)∫
d4x δ2(
√
gR2) =
∫
x
[
2h
{
¯2 − R¯
2
16
}
h− R¯hµν
(
−δµαδνβ¯+ δµαδνβ R¯
2
− 2R¯αµβν
)
hαβ
+ 2(∇¯µ∇¯νhµν)2 + R¯
2
2
hµνh
µν + (∇¯α∇¯βhαβ)
{
− 4¯+ R¯
}
h+ 2R¯∇¯µhµν∇¯αhαν
]
=
∫
x
[
2h
{
¯2 − R¯
2
16
}
h− R¯hµν∆L2hµν + 2(∇¯µ∇¯νhµν)2 + R¯
2
2
hµνh
µν
+ (∇¯α∇¯βhαβ)
{
− 4¯+ R¯
}
h+ 2R¯∇¯µhµν∇¯αhαν
]
, (B27)∫
d4x δ2(
√
gRµνR
µν) =
∫
x
[
1
2
hαβ
(
δαβδλσ
(
−¯+ R¯
2
)
− 2R¯αλβσ
)(
δλσδµν
(
−¯+ R¯
2
)
− 2R¯λµσν
)
hµν
+
1
2
h
(
¯2 − R¯
4
¯− R¯
2
8
)
h− (∇¯µ∇¯νhµν)
(
¯− R¯
2
)
h+ ∇¯µhµν
(
¯+ 3R¯
4
)
∇¯αhαν
+ (∇¯α∇¯βhαβ)2 − 3R¯
4
hµν
(
δµαδνβ(−¯+ R¯
2
)− 2R¯µανβ
)
hαβ +
R¯2
4
hµνh
µν
]
=
∫
x
[
1
2
hαβ∆2L2hαβ −
3R¯
4
hαβ∆L2hαβ +
1
2
h
(
¯2 − R¯
4
¯− R¯
2
8
)
h
− (∇¯µ∇¯νhµν)
(
¯− R¯
2
)
h+ ∇¯µhµν
(
¯+ 3R¯
4
)
∇¯αhαν
+ (∇¯α∇¯βhαβ)2 + R¯
2
4
hµνh
µν
]
, (B28)
where we have neglected the terms which do not contribute to the beta functions and have
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defined the Lichnerowicz Laplacians in 4 dimension:
∆¯L0S = −¯S, (B29)
∆¯L 1
2
ψ =
(
−D¯2 + R¯
4
)
ψ, (B30)
∆¯L1ξµ =
(−¯δνµ + R¯ νµ ) ξν , (B31)
∆¯L2hµν =
(−¯δαµδβν + R¯ αµ δβν + R¯ βν δαµ − 2R¯ α βµ ν )hαβ. (B32)
These Laplacians satisfy
∆¯L1∇¯µS = ∇¯µ∆¯L0S, (B33)
∇¯µ∆¯L1Aµ = ∆¯L0∇¯µAµ, (B34)
∆¯L2(∇¯µ∇¯νS) = ∇¯µ∇¯ν∆¯L0S, (B35)
∆¯L2(∇¯µAν + ∇¯νAµ) = ∇¯µ∆¯L1Aν + ∇¯ν∆¯L1Aµ, (B36)
∇¯µ∆¯L2T µν = ∆¯L2∇¯µT µν , (B37)
∆¯L2g¯µνS = g¯µν∆¯L0S. (B38)
Employing the York decomposition for the metric
hµν = h
⊥
µν + ∇¯µξ˜ν + ∇¯ν ξ˜µ +
(
∇¯µ∇¯ν − 1
4
g¯µν¯
)
σ˜ +
1
4
g¯µνh, (B39)
and using the relationships (B33)–(B38), we have∫
x
hµνh
µν =
∫
x
[
h⊥µνh
⊥µν + 2ξµξµ +
3
4
σ2 +
1
4
h2
]
, (B40)∫
x
hµν∆¯L2hµν =
∫
x
[
h⊥µν∆¯L2h
⊥µν + 2ξµ∆¯L1ξµ +
3
4
σ∆¯L0σ +
1
4
h∆¯L0h
]
, (B41)∫
x
hµν∆¯2L2hµν =
∫
x
[
h⊥µν∆¯
2
L2h
⊥µν + 2ξµ∆¯2L1ξ
µ +
3
4
σ∆¯2L0σ +
1
4
h∆¯2L0h
]
, (B42)
∇¯µ∇¯νhµν =
[
3
4
¯
(
¯+ R¯
3
)
σ˜ +
1
4
¯h
]
, (B43)
∇¯µhµα =
[(
¯+ R¯
4
)
ξ˜α +
3
4
∇¯α
(
¯+ R¯
3
)
σ˜ +
1
4
∇¯αh
]
, (B44)
where we redefined the fields
ξµ =
√
−¯− R¯
4
ξ˜µ =
√
∆¯L0 − R¯
4
ξ˜µ, σ =
√
−¯
√
−¯− R¯
3
σ˜ =
√
∆¯L0
√
∆¯L0 − R¯
3
σ˜. (B45)
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Then, we obtain the second variations the operators with the Einstein metric and the York
decomposition:∫
d4x δ2(
√
gO) =
∫
x
[{
1
8
h2 − 1
2
h⊥µνh
⊥µν − ξµξµ − 3
8
σ2
}
O¯ + hδO + δ2O
]
(B46)∫
d4x δ2(
√
gF
(
φ2
)
R) =
∫
x
[{
3
16
h∆¯L0h− 1
2
h⊥µν∆¯L2h
⊥µν − R¯
2
ξµξ
µ
+
3
8
h
√(
∆¯L0 − R¯
3
)
∆¯L0σ +
3
16
σ(∆¯L0 − R¯)σ
}
F
(
φ2
)
+ 2δF
{
1
4
(3∆¯L0 + R¯)h+
3
4
√
∆¯L0
√
∆¯L0 − R¯
3
σ
}
+ R¯δ2F
]
,
(B47)∫
d4x δ2(
√
gR2) =
∫
x
[
9
8
h
(
∆¯L0 − R¯
3
)
∆¯L0h− R¯h⊥µν
(
∆¯L2 − R¯
2
)
h⊥µν +
9
8
σ∆¯2L0σ
+
9
4
h∆¯L0
√
∆¯L0
√
∆¯L0 − R¯
3
σ
]
, (B48)∫
d4x δ2(
√
gRµνR
µν) =
∫
x
[
3
8
h
(
∆¯L0 − R¯
3
)
∆¯L0h+
1
2
h⊥µν
(
∆¯2L2 −
3R¯
2
∆¯L2 +
R¯2
2
)
h⊥µν
+
3
8
σ∆¯2L0σ +
3
4
h∆¯L0
√
∆¯L0
√
∆¯L0 − R¯
3
σ
]
. (B49)
In the same manner, for the gauge fixing and the ghost terms (6) we have
Sgf + Sgh =
∫
d4x
√
g¯
[
− α
2
BˆµY
µνBˆν +
1
2α
ΣµY
µνΣν + C¯µY
µρ∆¯ghostρν C
ν
]
=
∫
d4x
√
g¯
[
− α
2
{
B⊥µ
(
∆¯L1 − 1− ρ2
4
R¯
)
B⊥µ +B
[
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
]
B
}
+
1
2α
{
ξµ
(
∆¯L1 − R¯
2
)(
∆¯L1 − 1− ρ2
4
R¯
)
ξµ
+
9
16
σ
(
∆¯L0 − R¯
3
)(
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
)
σ
+
3β
8
σ
√
∆¯L0
(
∆¯L0 − R¯
3
)(
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
)
h
+
β2
16
h∆¯L0
(
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
)
h
}
+ C¯⊥µ
(
∆¯L1 − 1− ρ2
4
R¯
)(
∆¯L1 − R¯
2
)
C⊥µ
+
3− β
2
C¯
(
∆¯L0 − R¯
3− β
){
(1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯
}
C
]
. (B50)
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Here defining
X (∆¯L1) := ∆¯L1 − 1− ρ2
4
R¯, (B51)
Y(∆¯L0) := (1 + ρ1 − ρ2)∆¯L0 − 1− ρ2
4
R¯, (B52)
(B50) can be written as
Sgf + Sgh =
∫
d4x
√
g¯
[
− 1
2
{
B⊥µ X
(
∆¯L1
)
B⊥µ +BY(∆¯L0)B}
+
1
2α
{
ξµX
(
∆¯L1
)(
∆¯L1 − R¯
2
)
ξµ +
1
16
[
3Y1/2(∆¯L0)√∆¯L0 − R¯
3
σ + βY1/2(∆¯L0)√∆¯L0h]2}
+ C¯⊥µ X
(
∆¯L1
)(
∆¯L1 − R¯
2
)
C⊥µ +
3− β
2
C¯Y(∆¯L0)(∆¯L0 − R¯
3− β
)
C
]
, (B53)
where α in front of B action is absorbed into B fields.
Appendix C: Formula of heat kernel trace
In this appendix, we present the formula of heat kernel expansion. Let us consider the
trace for a function W
(
∆¯s
)
where ∆¯s = −D2 + Qs is the differential operator and the
subscript s denotes the spin of field on which ∆¯s acts. By the Laplace transformation, we
have
Tr[W
(
∆¯s
)
] =
∫ ∞
−∞
dt W˜ (t) Tr[e−t∆¯s ]. (C1)
The trance for e−t∆¯s is expanded as
Tr[e−t∆¯s ] =
(
1
4pit
)2 ∫
d4x
√
g¯
[
trs b0 + t trs b2 + t
2 trs b4 + · · ·
]
, (C2)
with the following heat kernel coefficients [97, 190]:
b0 = 1, b2 =
R¯
6
1−Qs,
b4 =
1
180
(
R¯µναβR¯
µναβ − R¯µνR¯µν + 5
2
R¯2 + 6D2R¯
)
1 +
1
12
ΩµνΩ
µν − R¯
6
Qs +
1
2
Q2s −
1
6
D2Qs.
(C3)
Here 1 is an unity in the space of the field acted the differential operator and the traces for
these coefficients in the spin 1
2
, 1 and 2 fields are defined as
tr 1
2
[b2l] = δ
ij[b2l](ij), tr1[b2l] = g¯
µν [b2l](µν), tr2[b2l] = g¯
µαg¯νβ[b2l](µν)(αβ), (C4)
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where indices i, j in the trace for spin 1
2
stand for the Dirac spinor indices. Using these
definitions the traces for the unity matrices become
tr0[1] = 1, tr 1
2
[1] = 4, tr1[1] = 4, tr2[1] = 10. (C5)
Ωµν = [∇¯µ, ∇¯ν ] is the commutator of the covariant derivative and its square acting on vector
and tensor fields becomes
[ΩµνΩ
µν ]ij = −1
4
R¯ abµν R¯
µνcd(JabJcd)ij (C6)
[ΩµνΩ
µν ]αβ = −R¯µνγαR¯µνγβ, (C7)
[ΩµνΩ
µν ]αβρσ = −R¯µνγαR¯µνγρg¯βσ − R¯µνγβR¯µνγσg¯αρ + 2R¯µναρR¯µνβσ, (C8)
respectively, where Jab = i
4
[γa, γb] is the generator of Lorentz transformation in Dirac spinor
space. Their traces become
δij[ΩµνΩ
µν ]ij = −1
4
R¯ abµν R¯
µνcd
(
g¯acg¯bd − g¯adg¯bc) = −1
2
R¯µνρσR¯
µνρσ, (C9)
g¯αβ[ΩµνΩ
µν ]αβ = −R¯µναβR¯µναβ, (C10)
g¯µαg¯νβ[ΩµνΩ
µν ]αβρσ = −8R¯µνρσR¯µνρσ + 2R¯αβR¯αβ. (C11)
Consider here the case where ∆¯s is the Lichnerowicz Laplacians with the Einstein metric,
that is,
Q0 = 0, [Q 1
2
]ij =
R¯
4
δij, [Q1]µν =
R¯
4
g¯µν , [Q2]µνρσ =
R¯
2
g¯µρg¯νσ − 2R¯µρνσ. (C12)
Substituting them with (C5), (C7) and (C8) for (C3) the heat kernel traces are evaluated
as
tr0[b0] = 1, tr0[b2] =
1
6
R¯, tr0[b4] =
1
180
R¯µνρσR¯
µνρσ +
1
80
R¯2, (C13)
tr 1
2
[b0] = 4, tr 1
2
[b2] = −1
3
R¯, tr 1
2
[b4] = − 11
180
R¯µνρσR¯
µνρσ +
1
120
R¯2, (C14)
tr1[b0] = 4, tr1[b2] = −1
3
R¯, tr1[b4] = − 7
360
R¯µνρσR¯
µνρσ +
1
120
R¯2, (C15)
tr2[b0] = 10, tr2[b2] = −13
3
R¯, tr2[b4] =
19
18
R¯µνρσR¯
µνρσ +
7
8
R¯2. (C16)
Let us next derive the heat kernel coefficients for the fields after the York decomposition.
Using the facts that a spin 1 vector field Aµ is decomposed as
Aµ = A
⊥
µ + ∇¯µA, ∇¯µA⊥µ = 0, (C17)
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and a field ∇¯µA satisfies (B33), the trace for a spin 1 field is decomposed as
tr1
[
e−t∆¯L1
]
= tr1⊥
[
e−t∆¯L1
]
+ tr0
[
e−t∆¯L0
]
. (C18)
Next, we derive the trace for a spin 2 tensor field hµν which is expanded as (B39). The
trace is decomposed as
tr2
[
e−t∆¯L2
]
= tr2⊥
[
e−t∆¯L2
]
+ tr1
[
e−t∆¯L1
]
+ tr0
[
e−t∆¯L0
]− nzero∑
l=0
e−tλl , (C19)
where the last term corresponds to subtracting zero modes,
nzero∑
l=0
e−tλl = nKV + nCKVe−t
R¯
6 . (C20)
Here we have written the number of Killing vectors and conformal one as nKV and nCKV,
respectively. In this paper, we choose the Einstein metric such that nKV = nCKV = 0.
Using (C13)–(C16) and the formulas (C18) and (C19) the heat kernel coefficients for spin
0 scalar field, spin 1
2
spinor field, transverse spin 1 vector field and transverse spin 2 tensor
field become
tr0[b0] = 1, tr0[b2] =
1
6
R¯, tr0[b4] =
1
180
R¯µνρσR¯
µνρσ +
1
80
R¯2, (C21)
tr 1
2
[b0] = 4, tr 1
2
[b2] = −1
3
R¯, tr 1
2
[b4] = − 7
360
R¯µνρσR¯
µνρσ +
1
120
R¯2, (C22)
tr1[b0] = 3, tr1[b2] = −1
2
R¯, tr1[b4] = − 1
15
R¯µνρσR¯
µνρσ − 1
240
R¯2, (C23)
tr2[b0] = 5, tr2[b2] = −25
6
R¯, tr2[b4] =
10
9
R¯µνρσR¯
µνρσ +
41
48
R¯2, (C24)
respectively.
The Mellin transformation for (C1) with (C2) yields
Tr [W
(
∆¯Ls
)
] =
1
(4pi)2
∫
d4x
√
g¯
{
Q2[W ] trs[b0] +Q1[W ] trs[b2] +Q0[W ] trs[b4] + · · ·
}
,
(C25)
where
Q0[W ] = W (0), Qn[W ] =
1
Γ[n]
∫ ∞
0
dz zn−1W [z]. (C26)
This formula is used to derive the beta functions in next section.
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Appendix D: Derivation of beta function
In this appendix, we present the explicit calculation of each term appeared in Eq. (A9).
To evaluate this, we need the derivatives of the cutoff function R, which are given by
∂RBB
∂k
=

∂kR(h
⊥h⊥)
k 0 0 0 0
0 ∂kR(ξξ)k 0 0 0
0 0 ∂kR(SS)k 0 0
0 0 0 ∂kR(B
⊥B⊥)
k 0
0 0 0 0 ∂kR(BB)k

, RFF =
R(χ¯χ)k 0
0 Rghostk
 , (D1)
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∂kR(h
⊥h⊥)
k
θ
(
k2 − ∆¯L2
) = 1
2
k
{
2F + b
(
2k2 + 2∆¯L2 − 3R
)− 4Ra}+ k2 − ∆¯L2
4
{
4bk + b′
(
2k2 + 2∆¯L2 − 3R
)− 4Ra′ + 2∂kF} ,
∂kR(ξξ)k
θ
(
k2 − ∆¯L1
) = −k {8k2 + (ρ2 − 3)R}
2α
,
∂kR(σσ)k
θ
(
k2 − ∆¯L0
) = 3
32α
[
16αbk3 − 4αFk + 4α{12k3a+ (b′ + 3a′) (k4 − ∆¯2L0)}+ 2α∂kF (∆¯L0 − k2)
+ k
{
(4ρ1 − 7ρ2 + 7)R− 24k2 (ρ1 − ρ2 + 1)
} ]
,
∂kR(σh)k
θ
(
k2 − ∆¯L0
) = 1
64α
√
k2 − R3
[
24αk5b′ + 72αk5a′ + 288αk4a− 48βk4ρ1 + 48βk4ρ2 − 48βk4 + 4αF
(
R− 6k2)
− 8αb′∆¯L0
√
3k2 −R
√
∆¯L0
{− (R− 3∆¯L0)}− 24α∆¯L0√3k2 −Ra′√∆¯L0 {− (R− 3∆¯L0)}
+ 4α∂kF
√
3k2 −R
√
∆¯L0
{− (R− 3∆¯L0)}+ βρ2R2 − βR2 − 8αk3Rb′ − 24αbk2 (R− 4k2)
− 24αk3Ra′ − 72αk2Ra+ 12βk2ρ1R− 18βk2ρ2R+ 18βk2R+ 4αkR∂kF − 12αk3∂kF
]
,
∂kR(σϕ)k
θ
(
k2 − ∆¯L0
) = φF ′ (R− 6k2)+ ∂kF ′
(
−3k3 +√3k2 −R
√
∆¯L0
{− (R− 3∆¯L0)}+ kR)
2
√
k2 − R3
,
∂kR(hh)k
θ
(
k2 − ∆¯L0
) = 1
32α
[
− 12αFk + 4α{− (b′ + 3a′) (k2 − ∆¯L0) (−3k2 − 3∆¯L0 +R)− 6ka (R− 6k2)}
+ 6α∂kF
(
∆¯L0 − k2
)
+ 8αbk
(
6k2 −R)+ β2k {−8k2 (ρ1 − ρ2 + 1)− ρ2R+R}],
∂kR(hϕ)k
θ
(
k2 − ∆¯L0
) = −3
2
φ
{
2F ′k + ∂kF ′
(
k2 − ∆¯L0
)}
,
∂kR(ϕϕ)k
θ
(
k2 − ∆¯L0
) = 2k. (D2)
The prime denotes the derivative with respect to φ2 and k for V, F and a, b respectively.
Then, let us calculate Eq. (A9). Eq. (A9) consists of three contributions. First and
second terms correspond to the contributions from loops of bosonic particle and fermionic
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particle, respectively. Third term comes from boson fermion mixed diagrams.
1. Loop of bosonic particle
The first term corresponds to the loop of particles which obey bosonic statics. The
transverse traceless tensor part gives
1
2
Tr
[M−1BB∂tRk] ∣∣∣∣
h⊥h⊥
=
1
2
Tr
[
1
Γ
(⊥⊥)
k +R(h
⊥h⊥)
k
∂kR(h
⊥h⊥)
k
]
=
1
2
Tr
[
k θ(k2 − ∆¯L2)
2Fk2 + (R− 2k2) {b (R− k2) + 2Ra} − 2V − 2Y ×{
3k2Rb′ − 4Fk − 2k4b′ + b (6kR− 8k3)+ 4k2Ra′ + 8kRa− 3R∆¯L2b′ − 4R∆¯L2a′ + 2∂kF (∆¯L2 − k2)+ 2∆¯2L2b′} ]
=
1
(4pi)2
∫
x
[
Ah
⊥
0 k
4 +Ah
⊥
2 φ
2k2 +Ah
⊥
4 φ
4 +Bh
⊥
0 Rk
2 +Bh
⊥
2 Rφ
2 + Ch
⊥
R2 +Dh
⊥
RµνρσR
µνρσ + Eh
⊥
Y
]
,
Ah
⊥
0 =
Ah
⊥
k4
∣∣∣∣
φ=0
,
Ah
⊥
2 =
∂
∂φ2
Ah
⊥
k2
∣∣∣∣
φ=0
,
Ah
⊥
4 =
1
2
∂2
∂(φ2)2
Ah
⊥
∣∣∣∣
φ=0
,
Bh
⊥
0 =
Bh
⊥
k2
∣∣∣∣
φ=0
,
Bh
⊥
2 =
∂
∂φ2
Bh
⊥
∣∣∣∣
φ=0
,
Ch
⊥
=
k2
288 {V − k2 (F + bk2)}3
[
123
{
V − k2 (F + bk2)}2 {2F + k3b′ + k(4bk + ∂kF )}
+ 50k2
{
V − k2 (F + bk2)}{3 [4ka′ {V − k2 (F + bk2)}+ (3b+ 4a){k3(4bk + ∂kF ) + 4V }]
+ b′
{−9Fk3 + k5(3b+ 16a) + 9kV }}− 15k4{2k2(3b+ 4a) (Fk2 + bk4 − V ) (3kb′ + 18b+ 4ka′ + 24a)
− [2 {6F + k(12bk + ∂kF )}+ 3k3b′] [k2 {k2 (7b2 + 20ba+ 16a2)− 2F (b+ 2a)}+ 2V (b+ 2a)]}]∣∣∣∣
φ=0
,
Dh
⊥
= −5k
2
{
2F + k3b′ + k(4bk + ∂kF )
}
9 (Fk2 + bk4 − V )
∣∣∣∣
φ=0
,
Eh
⊥
= −5k
6
[
2 {6F + k(12bk + ∂kF )}+ 3k3b′
]
24 {V − k2 (F + bk2)}2
∣∣∣∣
φ=0
, (D3)
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where Ah
⊥
and Bh
⊥
are given by
Ah
⊥
=
5k6
24
2 {6F + k(12bk + ∂kF )}+ 3k3b′
V − k2 (F + bk2) ,
Bh
⊥
=
5k4
144 (Fk2 + bk4 − V )2
[
6
{
20F 2k2 + 5F
{
k3(12bk + ∂kF )− 4V
}
+ 4k3a′
(
Fk2 + bk4 − V )
+ k
[
22b2k5 + 2bk4∂kF − 4ka
{
k3(6bk + ∂kF ) + 6V
}− 5∂kFV − 58bkV ]}
+ b′
{
58Fk5 + k7(31b− 36a)− 58k3V } ]. (D4)
The ξ component gives
1
2
Tr
[M−1BB∂tRk] ∣∣∣∣
ξξ
=
1
2
Tr
[
1
Γ
(ξξ)
k +R(ξξ)k
∂kR(ξξ)k
]
=
1
2
Tr
[
− 4k
2
{
8k2 + (ρ2 − 3)R
}
−4αFR− (R− 2k2) {4k2 + (ρ2 − 1)R}+ 8αV + 8αY θ
(
k2 − ∆¯L1
) ]
=
1
(4pi)2
∫
x
[
Aξ0k
4 +Aξ2φ
2k2 +Aξ4φ
4 +Bξ0 Rk
2 +Bξ2 Rφ
2 + CξR2 +DξRµνρσR
µνρσ + EξY
]
, (D5)
Aξ0 =
Aξ
k4
∣∣∣∣
φ=0
,
Aξ2 =
∂
∂φ2
Aξ
k2
∣∣∣∣
φ=0
,
Aξ4 =
1
2
∂2
∂(φ2)2
Aξ
∣∣∣∣
φ=0
,
Bξ0 =
Bξ
k2
∣∣∣∣
φ=0
,
Bξ2 =
∂
∂φ2
Bξ
∣∣∣∣
φ=0
,
Cξ =
k4
480 (k4 + αV )
3
[
αk4
(
593V − 360αF 2)− 570αFk6 + 30ρ2 {9αFk6 − 3αk2V (αF + 5k2)+ k8 + 2α2V 2}
+ 510α2Fk2V − 41k8 − 176α2V 2 + 45ρ22
(
αk4V − k8) ]∣∣∣∣
φ=0
,
Dξ =
2k4
15 (k4 + αV )
∣∣∣∣
φ=0
,
Eξ =
3αk8
(k4 + αV )
2
∣∣∣∣
φ=0
, (D6)
where Aξ and Bξ are given by
Aξ = − 3k
8
k4 + αV
,
Bξ =
k6
8
−k2 (12αF + k2)+ 3ρ2 (k4 − αV )+ 17αV
(k4 + αV )
2 . (D7)
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The loop of σ, h and ϕ contributes as
1
2
Tr
[M−1BB∂tRk] ∣∣∣∣
ξξ
=
1
2
Tr
[
1
Γ
(SS)
k +R(SS)k
∂kR(SS)k
]
=
1
(4pi)2
[
AS0
∫
x
k4 +AS2
∫
x
φ2k2 +AS4
∫
x
φ4 +BS0
∫
x
Rk2 +BS2
∫
x
Rφ2 + CS
∫
x
R2 +DS
∫
x
RµνρσR
µνρσ + ES
∫
x
Y
]
,
(D8)
AS0 →
AS
k4
∣∣∣∣
φ=0
,
AS2 →
∂
∂φ2
AS
k2
∣∣∣∣
φ=0
,
AS4 →
1
2
∂2
∂(φ2)2
AS
∣∣∣∣
φ=0
,
BS0 →
BS
k2
∣∣∣∣
φ=0
,
BS2 →
∂
∂φ2
BS
∣∣∣∣
φ=0
48
CS → − 1
2880 {2(b+ 3a)k4 − Fk2 + V }3 (k2 + 2V ′)3
[
4(b+ 3a)2
{{
131k2 (b′ + 3a′)− 128∂kF
} (
k2 + 2V ′
)3
+ 24bk
(
480F ′2k6 +
(
k2 + 2V ′
)2 (
115k2 + 224V ′
)
+ 80F ′
(
k6 + 2V ′k4
))
+ 72ka
(
480F ′2k6 +
(
k2 + 2V ′
)2 (
115k2 + 224V ′
)
+ 80F ′
(
k6 + 2V ′k4
))}
k11
− 4V (b+ 3a)
{{
69 (b′ + 3a′) k2 + 38∂kF
} (
k2 + 2V ′
)3 − 36b[480F ′2k7 + (k2 + 2V ′)2 (53k2 + 100V ′) k
+ 80F ′
(
k7 + 2V ′k5
) ]− 108a(480F ′2k7 + (k2 + 2V ′)2 (53k2 + 100V ′) k + 80F ′ (k7 + 2V ′k5))}k7
− 24F 3
(
240F ′2k6 +
(
k2 + 2V ′
)2 (
31k2 + 59V ′
)
+ 40F ′
(
k6 + 2V ′k4
))
k6
+ F 2
{(
− {89 (b′ + 3a′) k2 + 8∂kF} (k2 + 2V ′)3 + 72bk{480F ′2k6 + 3 (k2 + 2V ′)2 (21k2 + 40V ′)
+ 80F ′
(
k6 + 2V ′k4
) }
+ 216ka
(
480F ′2k6 + 3
(
k2 + 2V ′
)2 (
21k2 + 40V ′
)
+ 80F ′
(
k6 + 2V ′k4
)))
k3
+ 36V
(
480F ′2k6 +
(
k2 + 2V ′
)2 (
61k2 + 116V ′
)
+ 80F ′
(
k6 + 2V ′k4
))}
k4
+ V 2
{
− (89 (b′ + 3a′) k2 + 8∂kF ) (k2 + 2V ′)3 + 24bk[1440F ′2k6 + (k2 + 2V ′)2 (163k2 + 308V ′)
+ 240F ′
(
k6 + 2V ′k4
) ]
+ 72ka
(
1440F ′2k6 +
(
k2 + 2V ′
)2 (
163k2 + 308V ′
)
+ 240F ′
(
k6 + 2V ′k4
))}
k3
+ 2F
{
2(b+ 3a)
[ {
69 (b′ + 3a′) k2 + 38∂kF
} (
k2 + 2V ′
)3 − 24b{720F ′2k7 + (k2 + 2V ′)2 (106k2 + 203V ′) k
+ 120F ′
(
k7 + 2V ′k5
) }− 72a(720F ′2k7 + (k2 + 2V ′)2 (106k2 + 203V ′) k + 120F ′ (k7 + 2V ′k5)) ]k7
+ V
[ {
89 (b′ + 3a′) k2 + 8∂kF
} (
k2 + 2V ′
)3 − 48b{720F ′2k7 + (k2 + 2V ′)2 (88k2 + 167V ′) k
+ 120F ′
(
k7 + 2V ′k5
) }− 144a(720F ′2k7 + (k2 + 2V ′)2 (88k2 + 167V ′) k + 120F ′ (k7 + 2V ′k5)) ]k3
− 36V 2
(
240F ′2k6 + 3
(
k2 + 2V ′
)2 (
10k2 + 19V ′
)
+ 40F ′
(
k6 + 2V ′k4
))}
k2
+ 12V 3
(
480F ′2k6 +
(
k2 + 2V ′
)2 (
59k2 + 112V ′
)
+ 80F ′
(
k6 + 2V ′k4
)) ]
,
DS → 1
360
k2
(
6Fk2 + k3 {∂kF − 2k (kb′ + 8b+ 3ka′ + 24a)} − 4V
k2 {−Fk2 + 2k4(b+ 3a) + V } −
2
k2 + 2V ′
)
,
ES → k
6
12 (k2 + 2V ′)2 {−Fk2 + 2k4(b+ 3a) + V }2×[
36k7F ′b′ + 288bk6F ′ + 108k7F ′a′ + 864k6aF ′ − 72Fk4F ′ − 12k5∂kFF ′ − 24k3∂kFF ′V ′ + 72k5F ′b′V ′
+ 48bk4 (6F ′ − 7)V ′ + 216k5F ′V ′a′ + 864k4aF ′V ′ − 144V F ′V ′ − 6Fk4
− 12k∂kF ′
(
k2 + 2V ′
) {−Fk2 + 2k4(b+ 3a) + V }+ 120FV ′ (k2 + V ′)+ 3k7b′ + 24bk6 + 9k7a′ + 72k6a
− k5∂kF + 8k3∂kFV ′ + 20k∂kFV ′2 − 24k5b′V ′ − 60k3b′V ′2 − 480bk2V ′2 − 72k5V ′a′ − 1008k4aV ′
− 180k3V ′2a′ − 1440k2aV ′2 − 72V V ′
]
, (D9)
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where AS and BS are given by
AS =
k4
12
[− 12k4φ2F ′2 + 24k2φ2F ′V ′ − Fk2 (k2 + 4φ2V ′′ + 2V ′)+ 2bk6 + 6k6a+ 4φ2V ′′ {2k4(b+ 3a) + V }
+ 4bk4V ′ + 12k4aV ′ − 12φ2V ′2 + 2V V ′ + k2V ]−1×[
288k4φ2F ′2 + 24k5∂kF ′φ2F ′ − 432k2φ2F ′V ′ + 12Fk2
(
2k2 + 6φ2V ′′ + 3V ′
)− 3k7b′ − 60bk6 − 9k7a′ − 180k6a
+ k5∂kF − 4k3φ2V ′′ {3k (kb′ + 16b+ 3ka′ + 48a)− ∂kF}+ 2k3∂kFV ′ − 24k3∂kF ′φ2V ′ − 6k5b′V ′ − 96bk4V ′
− 18k5V ′a′ − 288k4aV ′ + 144φ2V ′2 − 6V (3k2 + 8φ2V ′′ + 4V ′) ], (D10)
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BS = − k
2
72 (k2 + 2V ′)2 {−Fk2 + 2k4(b+ 3a) + V }2×[
k3V
{
12b
{
k5 (24F ′ + 19) + 68k3V ′ + 60kV ′2
}
+ 36a
{
k5 (24F ′ + 19) + 68k3V ′ + 60kV ′2
}
+
(
k2 + 2V ′
)2 {
2k2 (b′ + 3a′)− 3∂kF
}}
+ 2k7(b+ 3a)
{
48b
{
k5 (3F ′ + 4) + 15k3V ′ + 14kV ′2
}
+ 144a
{
k5 (3F ′ + 4) + 15k3V ′ + 14kV ′2
}
+
(
k2 + 2V ′
)2 {
11k2 (b′ + 3a′)− 6∂kF
}}
− Fk2
{
k3
(
96b
{
3k5 (F ′ + 1) + 11k3V ′ + 10kV ′2
}
+ 288a
{
3k5 (F ′ + 1) + 11k3V ′ + 10kV ′2
}
+
(
k2 + 2V ′
)2 {
2k2 (b′ + 3a′)− 3∂kF
})
+ 24V
{
k4 (6F ′ + 5) + 18k2V ′ + 16V ′2
}}
+ 6V 2
{
3k4 (4F ′ + 3) + 32k2V ′ + 28V ′2
}
+ 6F 2
{
k8 (12F ′ + 11) + 40k6V ′ + 36k4V ′2
} ]
− φ2 k
2
6 {2(b+ 3a)k4 − Fk2 + V }3 (k2 + 2V ′)3×[
4F 3
{(
12F ′k2 + k2 + 2V ′
)
V ′′ − 3 (k4 + 2V ′k2)F ′′} k8 + 2(b+ 3a){16b2(3 (k4 + 2V ′k2)F ′′
− (12F ′k2 + k2 + 2V ′)V ′′)k7 + 144a2(3 (k4 + 2V ′k2)F ′′ − (12F ′k2 + k2 + 2V ′)V ′′)k7
− 6∂kF ′a
(
k2 + 2V ′
)(
F ′ (24F ′ + 19) k4 + (14F ′ − 13)V ′k2 − 26V ′2
)
k4
+ 72a
(
F ′2 (12F ′ + 11) k8 − F ′ (4F ′ + 25)V ′k6 + {11− 2F ′ (2F ′ + 29)}V ′2k4
+ 2 (19− 20F ′)V ′3k2 + 32V ′4
)
k + 2b
(
144F ′3k8 − 12F ′2{(2∂kF ′k − 11)k8
+ 4(∂kF
′k + 1)V ′k6 + 4V ′2k4
}
+
(
k2 + 2V ′
) {
48a
(
3k2F ′′ − V ′′) k6 + 13∂kF ′V ′k5
+ 2(13∂kF
′k + 66)V ′2k2 + 192V ′3
}− F ′{ (19∂kF ′k + 576aV ′′) k8 + 4(13∂kF ′k + 75)V ′k6
+ 4(7∂kF
′k + 174)V ′2k4 + 480V ′3k2
})
k +
(
k2F ′ − V ′) (k2 + 2V ′)(F ′{ (36F ′ + 41) b′k2 + 3 (36F ′ + 41) a′k2
− 4∂kF (3F ′ + 4)
}
k4 + (2F ′ − 1)V ′ {23k2 (b′ + 3a′)− 10∂kF} k2 − 2V ′2 {23k2 (b′ + 3a′)− 10∂kF})}k7
+ F 2
(
72
(
k8 − 2k6V ′)F ′3 − 6{(4∂kF ′k − 7)k8 + 2(4∂kF ′k + 19)V ′k6 + 8V ′2k4}F ′2
− {13∂kF ′k9 + 4(7∂kF ′k + 30)V ′k6 + 4(∂kF ′k + 30)V ′2k4 + 144 (2(b+ 3a)k4 + V )V ′′k4 + 48V ′3k2}F ′
+
(
k2 + 2V ′
) {
7∂kF
′V ′k5 + 14(∂kF ′k + 3)V ′2k2 + 12
(
2(b+ 3a)k4 + V
) (
3k2F ′′ − V ′′) k2 + 48V ′3})k4
+ V
{
48b2
(
3
(
k4 + 2V ′k2
)
F ′′ − (12F ′k2 + k2 + 2V ′)V ′′)k7
+ 432a2k7
(
3
(
k4 + 2V ′k2
)
F ′′ − (12F ′k2 + k2 + 2V ′)V ′′)
+ 24a
(
12F ′2 (3F ′ + 1) k8 − 3F ′ (F ′ (24F ′ + 53) + 17)V ′k6 − 3 (26F ′2 + 2F ′ − 7)V ′2k4
− ∂kF ′
(
k2 + 2V ′
) {
4F ′ (3F ′ + 2) k4 + (4F ′ − 5)V ′k2 − 10V ′2} k3 + 3 (16F ′ + 19)V ′3k2 + 30V ′4)k
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+ 8b
(
36
(
k8 − 2k6V ′)F ′3 − 3{4(∂kF ′k − 1)k8 + (8∂kF ′k + 53)V ′k6 + 26V ′2k4}F ′2
− {8 (∂kF ′k + 54aV ′′) k8 + (20∂kF ′k + 51)V ′k6 + 2(4∂kF ′k + 3)V ′2k4 − 48V ′3k2}F ′
+
(
k2 + 2V ′
) {
36a
(
3k2F ′′ − V ′′) k6 + 5∂kF ′V ′k5 + (10∂kF ′k + 21)V ′2k2 + 15V ′3})k
+
(
k2F ′ − V ′) (k2 + 2V ′)(F ′ {(36F ′ + 23) b′k2 + 3 (36F ′ + 23) a′k2 − 2∂kF (6F ′ + 5)} k4
+ (2F ′ − 1)V ′ {5k2 (b′ + 3a′)− 4∂kF} k2 − 2V ′2 {5k2 (b′ + 3a′)− 4∂kF})}k3
+ F
{(
48b2
{(
12F ′k2 + k2 + 2V ′
)
V ′′ − 3 (k4 + 2V ′k2)F ′′} k7 + 432a2{ (12F ′k2 + k2 + 2V ′)V ′′
− 3 (k4 + 2V ′k2)F ′′}k7 + 12a[− 3F ′2 (36F ′ + 23) k8 + 6F ′ {F ′ (12F ′ + 35) + 29}V ′k6
+ 3 {8F ′ (5F ′ + 11)− 23}V ′2k4 + 2∂kF ′
(
k2 + 2V ′
) {
4F ′ (3F ′ + 2) k4 + (4F ′ − 5)V ′k2 − 10V ′2} k3
+ 6 (20F ′ − 37)V ′3k2 − 168V ′4]k − 4b[− 3F ′2 {(8∂kF ′k − 23)k4 + 2(8∂kF ′k + 35)V ′k2 + 40V ′2} k4
+ 36F ′3
(
3k8 − 2k6V ′)+ (k2 + 2V ′) {72a (3k2F ′′ − V ′′) k6 + 10∂kF ′V ′k5 + (20∂kF ′k + 69)V ′2k2 + 84V ′3}
− 2F ′ {8 (∂kF ′k + 54aV ′′) k8 + (20∂kF ′k + 87)V ′k6 + 4(2∂kF ′k + 33)V ′2k4 + 60V ′3k2} ]k
− (k2F ′ − V ′) (k2 + 2V ′) [F ′ {(36F ′ + 23) b′k2 + 3 (36F ′ + 23) a′k2 − 2∂kF (6F ′ + 5)} k4
+ (2F ′ − 1)V ′ {5k2 (b′ + 3a′)− 4∂kF} k2 − 2V ′2 {5k2 (b′ + 3a′)− 4∂kF} ])k3 − 12V 2(3 (k6 + 2V ′k4)F ′′
− k2 (12F ′k2 + k2 + 2V ′)V ′′)− 2V (36 (k8 − 6k6V ′)F ′3
− 3{(8∂kF ′k − 5)k8 + 8(2∂kF ′k + 11)V ′k6 + 4V ′2k4}F ′2 − [ {13∂kF ′k + 288(b+ 3a)V ′′} k8
+ 28(∂kF
′k + 3)V ′k6 + 4(∂kF ′k + 3)V ′2k4 − 24V ′3k2
]
F ′ +
(
k2 + 2V ′
) [
24(b+ 3a)
(
3k2F ′′ − V ′′) k6
+ 7∂kF
′V ′k5 + (14∂kF ′k + 33)V ′2k2 + 30V ′3
])}
k2 + 4V 3
{
3
(
k6 + 2V ′k4
)
F ′′ − k2 (12F ′k2 + k2 + 2V ′)V ′′}
+ V 2
{
− 288F ′3V ′k6 − 12F ′2
(
2∂kF
′k9 + k8 + (4∂kF ′k + 25)V ′k6 − 2V ′2k4
)
+
(
k2 + 2V ′
)(
24(b+ 3a)
(
3k2F ′′ − V ′′) k6 + 7∂kF ′V ′k5 + 2(7∂kF ′k + 12)V ′2k2 + 12V ′3)
− F ′
(
{13∂kF ′k + 288(b+ 3a)V ′′} k8 + 4(7∂kF ′k + 12)V ′k6 + 4(∂kF ′k − 24)V ′2k4 − 96V ′3k2
)}]
.
(D11)
Here we have provided the result for Landau gauge for simplicity.
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Finally, the contribution from B ghost is
1
2
Tr
∂tRk
Γ
(B⊥B⊥)
k +Rk
∣∣∣∣∣
B⊥B⊥
+
1
2
Tr
∂tRk
Γ
(BB)
k +Rk
∣∣∣∣∣
BB
=
1
2
Tr
[
−2αk2θ (k2 − ∆¯L1)
1
4α (ρ2 − 1)R+ α
{
(k2 − z) θ (k2 − ∆¯L1)+ ∆¯L1}
]
+
1
2
Tr
[
−8k2 (ρ1 − ρ2 + 1) θ
(
k2 − ∆¯L0
)
(ρ2 − 1)R+ 4 (ρ1 − ρ2 + 1)
{
(k2 − z) θ (k2 − ∆¯L0)+ ∆¯L0}
]
=
1
(4pi)2
∫
x
[
AB0 k
4 +AB2 φ
2k2 +AB4 φ
4 +BB0 Rk
2 +BB2 Rφ
2 + CBR2 +DBRµνρσR
µνρσ + EBY
]
, (D12)
where
AB0 = −2, AB2 = 0, AB4 = 0,
BB0 =
1
24
(
3ρ1
ρ1 − ρ2 + 1 + 9ρ2 − 4
)
, BB2 = 0, C
B =
1
480
(
5ρ1 (7ρ1 − 10ρ2 + 10)
(ρ1 − ρ2 + 1) 2 + 15 (2− 3ρ2) ρ2 − 24
)
,
DB =
11
180
, EB = 0. (D13)
2. Loop of fermionic particle
Next, the functional traces corresponding to loops of fermionic statics particle are shown.
The contribution from χ particle is
− Tr [M−1FF∂tRk] ∣∣∣∣
χ¯χ
= −1
2
Tr
[
∂tRk
Γ
(χχ)
k +Rk
]
= −1
2
Tr
[ −2k2
k2 + y2φ2
θ(k2 − ∆¯L0)
]
=
1
(4pi)2
∫
x
[
Aχ0k
4 + Aχ2φ
2k2 + Aχ4φ
4 +Bχ0 Rk
2 +Bχ2 Rφ
2 + CχR2 +DχRµνρσR
µνρσ + EχY
]
,
(D14)
where
Aχ0 = 2, A
χ
2 = −2y2, Aχ4 = 2y4,
Bχ0 = −
1
3
, Bχ2 =
y2
3
, Cχ =
1
120
,
Dχ = − 7
360
, Eχ = 0. (D15)
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The contribution from C ghost is
− Tr ∂tRk
Γ
(C⊥C⊥)
k +Rk
∣∣∣∣∣
C¯⊥C
− Tr ∂tRk
Γ
(CC)
k +Rk
∣∣∣∣∣
C¯C
= −Tr
[
8k2
(
2
−4k2 − ρ2R+R +
1
R− 2k2
)
θ(k2 − ∆¯L1)
]
− Tr
[
4k2
(
3− β
(β − 3)k2 +R +
4
−4k2 − ρ2R+R
)
θ(k2 − ∆¯L0)
]
=
1
(4pi)2
∫
x
[
AC0 k
4 +AC2 φ
2k2 +AC4 φ
4 +BC0 Rk
2 +BC2 Rφ
2 + CCR2 +DCRµνρσR
µνρσ + ECY
]
, (D16)
where
AC0 = 8, A
C
2 = 0, A
C
4 = 0,
BC0 =
1
3− β −
ρ1
4 (ρ1 − ρ2 + 1) −
3ρ2
4
+
7
6
, BC2 = 0,
CC =
1
240
(
8 {β(11β − 76) + 159}
(β − 3)2 +
15ρ21
(ρ1 − ρ2 + 1) 2 −
50ρ1
ρ1 − ρ2 + 1 + 45ρ
2
2 − 30ρ2
)
,
DC = −11
45
, EC = 0. (D17)
3. Mixed diagrams
Finally, we consider the third and fourth term in Eq. (A9). These functional trace
corresponds to the contribution of the diagrams VII–XIV in Fig. 2:
−1
2
Tr
[
M−1FF
(
∂kR(FF )k
)
M−1FFMFBM−1BBMBF
]
− 1
2
Tr
[
M−1FFMFBM−1BB
(
∂kR(BB)k
)
M−1BBMBF
] ∣∣∣∣∣
R=0
.
(D18)
Since MFB and MBF contain one background fermion, only the Yukawa coupling is cor-
rected by Eq. (D18). Hence we can safely put R = 0 in Eq. (D18). We expand the matrices
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by the power of φ,
M−1FF
∣∣∣∣
R=0
=M−1FF (0) +M−1FF (1)φ+ ...,
M−1BB
∣∣∣∣
R=0
=M−1BB(0) +M−1BB(1)φ+ ...,
∂kR(BB)k
∣∣∣∣
R=0
= ∂kR(BB)k(0) + ∂kR(BB)k(0) φ+ ...,
M−1BF
∣∣∣∣
R=0
=M−1BF (0) +M−1BF (1)φ+ ...,
M−1FB
∣∣∣∣
R=0
=M−1FB(0) +M−1FB(1)φ+ ..., (D19)
where ... represents O(φ2), which does not contribute to the truncated effective action. In
the following, we show the explicit formula employing Landau gauge.
The contribution from diagrams VII–X is
− 1
2
Tr
[
M−1FF (1)
(
∂kR(FF )k
)
M−1FF (0)MFB(0)M−1BB(0)MBF (0) +M−1FF (0)
(
∂kR(FF )k
)
M−1FF (1)MFB(0)M−1BB(0)MBF (0)
]
φ
− 1
2
Tr
[
M−1FF (1)MFB(0)M−1BB(0)
(
∂kR(BB)k(0)
)
M−1BB(0)MBF (0)
]
φ
→ Y
(4pi)2
1
320
k2
k
2
{
− 80Fk2 + k3 [16k {k (b′ + 3a′) + 15(b+ 3a)} − 5∂kF ] + 40V
}
{−Fk2 + 2k4(b+ 3a) + V }2 −
640y2
(
k2 + V ′
)
(k2 + 2V ′)2

∣∣∣∣∣
φ=0
.
(D20)
The contribution from diagram XI and XII is
− 1
2
Tr
[
M−1FF (0)
(
∂kR(FF )k
)
M−1FF (0)MFB(1)M−1BB(0)MBF (0) +M−1FF (0)
(
∂kR(FF )k
)
M−1FF (0)MFB(1)M−1BB(0)MBF (1)
]
φ
− 1
2
Tr
[
M−1FF (0)MFB(1)M−1BB(0)
(
∂kR(BB)k(0)
)
M−1BB(0)MBF (0) +M−1FF (0)MFB(0)M−1BB(0)
(
∂kR(BB)k(0)
)
M−1BB(0)MBF (1)
]
φ
→ Y
(4pi)2
189Fk6 + 18k7∂kF − 7k4
{
8k5 (b′ + 3a′) + 90k4(b+ 3a) + 9V
}
105 {−Fk2 + 2k4(b+ 3a) + V }2
∣∣∣∣∣
φ=0
. (D21)
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Finally, the contribution from diagram XIII and XIV is
− 1
2
Tr
[
M−1FF (0)
(
∂kR(FF )k
)
M−1FF (0)MFB(0)M−1BB(1)MBF (0) +M−1FF (0)MFB(0)M−1BB(0)
(
∂kR(BB)k(1)
)
M−1BB(0)MBF (0)
]
φ
− 1
2
Tr
[
M−1FF (0)MFB(0)M−1BB(1)
(
∂kR(BB)k(0)
)
M−1BB(0)MBF (0) +M−1FF (0)MFB(0)M−1BB(0)
(
∂kR(BB)k(0)
)
M−1BB(1)MBF (1)
]
φ
→ Y
(4pi)2
2k4
105 (k2 + 2V ′)2 {−Fk2 + 2k4(b+ 3a) + V }2×[
− 56k9F ′ (b′ + 3a′) + 18k7∂kFF ′ + 36k5∂kFF ′V ′ + 18k4(b+ 3a)
{
− 35k4F ′ + 7k2 (7− 6F ′)V ′
+ 2k3∂kF
′ (k2 + 2V ′)+ 70V ′2}+ 9Fk2{7{3k4F ′ + k2 (2F ′ − 5)V ′ − 6V ′2}− 2k3∂kF ′ (k2 + 2V ′)}
− 112k7F ′V ′ (b′ + 3a′) + 126k2V F ′V ′ − 63k4V F ′ − 18k5∂kFV ′ − 36k3∂kFV ′2 + 18k3∂kF ′V
(
k2 + 2V ′
)
+ 56k7V ′ (b′ + 3a′) + 112k5V ′2 (b′ + 3a′) + 189k2V V ′ + 126V V ′2
]∣∣∣∣∣
φ=0
. (D22)
Appendix E: Fixed point and critical exponent
Here, we list fixed points and critical exponents.
Truncation ξ˜∗0 × 102 λ˜∗0 × 103 a˜∗ × 102 b˜∗ × 102 λ˜∗0/ξ˜∗02
EH 2.502 4.450 — — 7.11
EH +R2 (i) 2.123 2.733 0.2438 — 6.06
EH +R2 (ii) 2.195 6.435 0.4389 — 13.4
EH +R2 (iii) 9.331 87.05 0.5173 — 10.0
EH +R2 +R2µν (i) 0.8250 3.546 0.3564 −0.8080 52.1
EH +R2 +R2µν (ii) 166.3 2491 −21.28 63.93 0.90
EH +R2 +R2µν (iii) 2.701 −9.402 2.951 −2.731 −12.9
EH–scalar 2.571 5.611 — — 8.49
EH–HY 2.041 1.147 — — 2.75
Full (i) 0.3996 1.537 0.1737 −0.3913 96.3
Full (ii) 165.9 2486 −21.23 63.77 0.90
Full (iii) 2.112 −9.91 2.521 −2.154 −22.2
TABLE III: The values of fixed points for α = 0 and β = 0.
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Truncation θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8
EH 2.79 + 1.45i θ∗1 — — — — — —
EH +R2 (i) 2.58 + 1.39i θ∗1 19.0 — — — — —
EH +R2 (ii) 2.54 + 1.62i θ∗1 −38.6 — — — — —
EH +R2 (iii) 12.6 −180 + 28.6i θ∗2 — — — — —
EH +R2 +R2µν (i) 3.41 + 0.772i θ
∗
1 9.00 + 2.47i θ
∗
3 — — — —
EH +R2 +R2µν (ii) 22.6 −0.644 −3.22× 103 −2.56× 104 — — — —
EH +R2 +R2µν (iii) 3.61 + 4.75i θ
∗
1 2.04 42.5 — — — —
EH–scalar 2.83 + 1.57i θ∗1 — — 0.829 + 1.57i θ∗5 −1.49 —
EH–HY 2.67 + 1.28i θ∗1 — — 0.665 + 1.23i θ∗5 −1.31 −0.929
Full (i) 4.02 8.97 −5.41 + 14.6i θ∗3 47.5 + 82.0i θ∗5 16.7 20.4
Full (ii) 22.6 −0.644 −3220 −2.55× 104 34.3 1730 −1.00× 104 9650
Full (iii) 4.07 + 3.86i θ∗1 1.95 33.1 13.4 0.474 2.68 2.54
TABLE IV: The values of critical exponents for α = 0 and β = 0.
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Truncation ξ˜∗0 × 102 λ˜∗0 × 103 a˜∗ × 102 b˜∗ × 102 λ˜∗0/ξ˜∗02
EH (i) 2.466 4.343 — — 7.14
EH (ii) 7.045× 10−2 2.434 — — 4900
EH +R2 (i) 1.772 0.4947 0.2477 — 1.58
EH +R2 (ii) 2.298 11.26 0.3873 — 21.3
EH +R2 (iii) 2.456 15.22 0.3854 — 25.2
EH +R2 (iv) 0.05807 1.803 1.104× 10−3 — 5350
EH +R2 +R2µν (i) 0.4096 1.590 0.1892 −0.4040 94.8
EH +R2 +R2µν (ii) 0.01033 0.9478 −2.143× 10−3 −6.509× 10−3 8.89× 104
EH +R2 +R2µν (iii) 1.512 20.17 −0.2749 1.329 88.2
EH +R2 +R2µν (iv) 2.723 −9.477 2.971 −2.753 −12.8
EH–scalar (i) 2.535 5.471 — — 8.51
EH–scalar (ii) 0.1011 3.512 — — 3440
EH–HY (i) 2.003 1.119 — — 2.79
EH–HY (ii) 0.01149 0.3996 — — 3.03× 104
EH–HY (iii) 0.01310 −5.320 — — −3.10× 105
Full (i) 1.339 17.86 −0.2423 1.174 99.6
Full (ii) 2.135 −10.00 2.543 −2.177 −22.0
TABLE V: The values of fixed points for α = 0 and β = −1.
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Truncation θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8
EH (i) 2.84 + 1.47i θ∗1 — — — — — —
EH (ii) −4.20 −93.4 — — — — — —
EH +R2 (i) 2.43 + 1.07i θ∗1 38.7 — — — — —
EH +R2 (ii) 1.71 + 0.523i θ∗1 −41.4 — — — — —
EH +R2 (iii) 3.23 −1.66 −48.0 — — — — —
EH +R2 (iv) 39.1 155 −2.02 — — — — —
EH +R2 +R2µν (i) 3.25 8.58 17.0 + 15.6i θ
∗
3 — — — —
EH +R2 +R2µν (ii) 4.05 15.8 −28.0 −1.13 — — — —
EH +R2 +R2µν (iii) 7.99 + 0.515i θ
∗
1 59.6 3380 — — — —
EH +R2 +R2µν (iv) 3.58 + 4.79i θ
∗
1 2.04 41.4 — — — —
EH–scalar (i) 2.88 + 1.59i θ∗1 — — 0.880 + 1.59i θ∗5 −1.40 —
EH–scalar (ii) −20.1 + 3.76i θ∗1 — — −22.1 + 3.76i θ∗5 −63.7 —
EH–HY (i) 2.70 + 1.32i θ∗1 — — 0.697 + 1.32i θ∗5 −1.24 −0.980
EH–HY (ii) −0.374 −1680 — — −2.37 −1680 −567 1490
EH–HY (iii) 3.95 −72.8 — — 1.95 −74.8 −0.158 0.840
Full (i) 8.18 10.3 50.3 2970 −11.0 0.901 126 −3.85× 104
Full (ii) 4.06 + 3.91i θ∗1 1.95 32.1 13.2 0.458 2.62 2.53
TABLE VI: The values of critical exponents for α = 0 and β = −1.
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Truncation ξ˜∗0 × 102 λ˜∗0 × 103 a˜∗ × 102 b˜∗ × 102 λ˜∗0/ξ˜∗02
EH 2.2485 3.896 — — 7.71
EH (ii) 0.1964 −1.738 — — −451
EH +R2 (i) 2.403 2.158 0.3143 — 3.74
EH +R2 (ii) 16.32 16.36 3.455 — 0.614
EH +R2 +R2µν (i) 0.3445 2.437 0.6195 −0.3366 205
EH +R2 +R2µν (ii) 1.086 3.623 0.5547 −1.077 30.7
EH +R2 +R2µν (iii) 39.78 51.12 21.67 −39.42 0.323
EH +R2 +R2µν (iv) 0.416 −4.79 0.4104 −0.4302 −276.6
EH +R2 +R2µν (v) 1.20 −2.01 0.343 −0.632 −14.1
EH +R2 +R2µν (vi) 2.65 −9.54 2.85 −2.68 −13.6
EH–scalar 2.576 4.909 — — 7.40
EH–scalar (ii) 0.1088 −0.9569 — — −809
EH–HY 1.870 0.9842 — — 2.81
EH–HY (ii) 0.4182 −4.000 — — −2.29× 102
Full (i) 0.6101 1.777 0.3184 −0.6037 47.8
Full (ii) 37.57 48.12 20.46 −37.19 0.341
Full (iii) 1.080× 107 1.801× 107 5.402× 106 −9.003× 106 1.54× 10−6
Full (iv) 0.423 −6.68 0.482 −0.45 −372.8
Full (v) 1.64 −2.75 0.346 −0.493 −10.3
Full (vi) 2.05 −10.1 2.38 −2.09 −24.1
TABLE VII: The values of fixed points for α = 0 and β = 2.
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Truncation θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8
EH 2.94 + 1.67i θ∗1 — — — — — —
EH (ii) 2.70 63.5 — — — — — —
EH +R2 (i) 2.65 + 0.800i θ∗1 9.74 — — — — —
EH +R2 (ii) 0.881 + 4.50i θ∗1 821 — — — — —
EH +R2 +R2µν (i) 4.35 5.75 9.35 −2.70 — — — —
EH +R2 +R2µν (ii) 2.96 + 0.52i θ
∗
3 6.84 18.8 — — — —
EH +R2 +R2µν (iii) 59.3 712 −0.623 −3.78 — — — —
EH +R2 +R2µν (iv) 2.15 4.26 6.75 14.7 — — — —
EH +R2 +R2µν (v) 2.61 5.48 8.03 −1720 — — — —
EH +R2 +R2µν (vi) 3.53 + 4.68i θ
∗
1 2.04 33.6 — — — —
EH–scalar 3.00 + 1.71i θ∗1 — — 0.996 + 1.71i θ∗5 −1.08 —
EH–scalar (ii) 2.18 108 — — 0.175 106 7.96 —
EH–HY 2.58 + 2.01i θ∗1 — — 0.577 + 2.01i θ∗5 −0.888 0.253
EH–HY (ii) 3.25 25.4 — — 1.25 23.4 1.10 4.64
Full (i) 5.15 + 1.08i θ∗1 14.3 + 7.16i θ∗5 −1.05 41.0 15.8 5.50
Full (ii) 65.8 610 −0.566 −4.27 −129 2.07 −20.2 −73.1
Full (iii) −2.83× 108 −2.59× 107 −1.17× 105 0.00585 4.41× 105 5.20× 107 −2.22× 107 −7.44× 107
Full (iv) 2.02 4.34 6.45 30.8 −19.0 3.16 1.03 0.213
Full (v) 2.72 3.53 8.02 −5853 11.7 1.11 134.7 −10000
Full (vi) 4.03 + 3.74i θ∗1 1.94 24.1 11.5 0.316 2.34 2.02
TABLE VIII: The values of critical exponents for α = 0 and β = 2.
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Truncation ξ˜∗0 × 102 λ˜∗0 × 103 a˜∗ × 102 b˜∗ × 102 λ˜∗0/ξ˜∗02
EH 2.441 4.271 — — 7.17
EH (ii) 1.837× 10−2 −4.211 — — −1.25× 105
EH (iii) 1.328× 10−2 −0.5620 — — −3.19× 104
EH +R2 (i) 45.94 87.02 7.825 — 0.412
EH +R2 (ii) 0.0105 −0.898 −0.00681 — −81256
EH +R2 (iii) 2.19 −0.834 0.321 — −1.73
EH +R2 +R2µν (i) 52.00 107.1 26.03 −51.52 0.396
EH +R2 +R2µν (ii) 0.0289 −2.29 0.0352 −0.0359 −27406
EH +R2 +R2µν (iii) 0.0647 −4.44 0.030 −0.0706 −10604
EH +R2 +R2µν (iv) 0.0906 −4.41 0.0367 −0.0809 −5376.8
EH +R2 +R2µν (v) 2.74 −9.54 2.99 −2.77 −12.69
EH–scalar 2.510 5.380 — — 8.54
EH–scalar (ii) 1.418× 10−2 −3.348 — — −1.66× 105
EH–HY 1.974 1.098 — — 2.82
EH–HY (ii) 2.426× 10−2 −6.320 — — −1.07× 105
EH–HY (iii) 8.884× 10−2 −2.870 — — −3.64× 103
Full (i) 50.43 103.4 25.22 −49.87 0.47
Full (ii) 0.0245 −6.25 0.0171 −0.0465 −104180
Full (iii) 0.142 −4.74 0.0778 −0.160 −2348
Full (iv) 0.142 −6.30 0.0428 −0.0818 −3119
Full (v) 0.231 −3.81 0.121 −0.245 −717.0
Full (vi) 2.15 −10.1 2.56 −2.20 −21.73
TABLE IX: The values of fixed points for α = 0 and β = −2.
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Truncation θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8
EH 2.87 + 1.49i θ∗1 — — — — — —
EH (ii) 4.16 24.4 — — — — — —
EH (iii) 1.20 −1360 — — — — — —
EH +R2 (i) 1.34 + 4.65i θ∗1 1572.5 — — — — —
EH +R2 (ii) 1.70 5.57 −116.7 — — — — —
EH +R2 (iii) 2.85 + 0.59i θ∗1 19.0 — — — — —
EH +R2 +R2µν (i) 1.10 2.88 6.84 1290 — — — —
EH +R2 +R2µν (ii) 2.83 + 0.109i θ
∗
1 5.084 11.26 — — — —
EH +R2 +R2µν (iii) 2.23 4.02 6.93 12.1 — — — —
EH +R2 +R2µν (iv) 3.87 6.72 10.2 −9.57 — — — —
EH +R2 +R2µν (v) 3.56 + 4.83i θ
∗
1 2.03 40.8 — — — —
EH–scalar 2.91 + 1.61i θ∗1 — — 0.909 + 1.61i θ∗5 −1.35 —
EH–scalar (ii) 4.19 23.6 — — 2.19 21.6 2.77 —
EH–HY 2.72 + 1.36i θ∗1 — — 0.717 + 1.36i θ∗5 −1.18 −0.999
EH–HY (ii) 4.05 18.6 — — 2.05 16.6 1.07 8.54
EH–HY (iii) 2.69 −94.1 — — 0.693 −96.1 −0.636 6.44
Full (i) 1.71 + 0.175i θ∗1 7.84 1220 −522 0.171 −9.79 −106
Full (ii) 4.48 + 2.83i θ∗1 4.00 6.57 3.96 0.576 0.545 0.802
Full (iii) 0.507 3.38 7.79 −276.4 −203.4 1.34 −0.458 −15.7
Full (iv) 3.89 6.19 8.36 −161.7 13.0 2.13 15.0 −192.1
Full (v) 2.90 7.15 1838 −0.820 0.44 −840 −1.26 −35.1
Full (vi) 4.06 + 3.95i θ∗1 1.95 31.5 13.07 0.444 2.58 2.51
TABLE X: The values of critical exponents for α = 0 and β = −2.
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